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In a pair of papers, we construct invariants for smooth four-manifolds equipped 
with 'broken fibrations' — the singular Lefschetz fibrations of Auroux, Donald- 
son and Katzarkov — generaUsing the Donaldson-Smith invariants for Lefschetz 
fibrations. 



The 'Lagrangian matching invariants' are designed to be comparable with the 
Seiberg-Witten invariants of the underlying four-manifold; formal properties and 
■ first computations support the conjecture that equality holds. They fit into a field 

theory which assigns Floer homology groups to three-manifolds fibred over 5' . 

The invariants are derived from moduli spaces of pseudo-holomorphic sections of 
04 ' relative Hilbert schemes of points on the fibres, subject to Lagrangian boundary 

conditions. Part I — the present paper — is devoted to the symplectic geometry of 



\^ [ these Lagrangians. 

o ' 

\0 ' 53D40, 57R57; 57R15 

o ■ 

O 

^ '. 1 Introduction 



The Seiberg-Witten invariants of a symplectic four-manifold can be calculated, ac- 
cording to Taubes' famous theorem [31], as Gromov invariants enumerating embedded 
^ ' pseudo-holomorphic curves and their unramified coverings. In the presence of a sym- 

■ plectic Lefschetz fibration, the Donaldson-Smith invariants [5, 28] mediate between the 

gauge-theoretic and symplectic viewpoints. They are counts of pseudo-holomorphic 
multisections of the fibration, within a chosen homology class — more properly, of 
pseudo-holomoiphic sections of an associated family of symmetric products of the 
non-singular fibres, appropriately compactified over the singular fibres. The motivat- 
ing observation is that an embedded pseudo-holomorphic curve in the four-manifold, 
not having a fibre as a component, will have positive intersections with the fibres and 
so define a section of a family of symmetric products. 

The equality of the Donaldson-Smith and Gromov invariants, for fibrations of high 
degree, has been proved by Usher [32]. In the other direction, the link between 
symmetric products and gauge theory arises from the fact that the dimensionally 
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reduced Seiberg-Witten equations on a surface are the abelian vortex equations. The 
moduh space of solutions to these equations is a symmetric product of the surface; in 
the 'adiabatic hmit' as the base of the fibration is expanded, solutions to the Seiberg- 
Witten equations approximate pseudo-holomorphic curves in the family of vortex 
moduli spaces [24, 31]. 

In this paper and its sequel we extend the Donaldson-Smith construction in two 
directions. First, we generalise it to singular Lefschetzfibrations in the sense of Auroux, 
Donaldson and Katzarkov [1], objects which we shall refer to as 'broken fibrations'. 
These are available on any four-manifold with Z;^ > — the point being that these 
are the manifolds which admit near-symplectic forms. We construct an invariant of 
broken fibrations, the Lagrangian matching invariant, which can be compared to the 
Seiberg-Witten invariant of the underlying manifold. We conjecture that equality holds. 
It still counts pseudo-holomorphic sections of the associated families of symmetric 
products, but these are now subject to certain Lagrangian boundary conditions. Much 
of this paper is concerned with the construction of these Lagrangians, and with teasing 
out their properties. 

Second, we show that the Lagrangian matching invariant arises from a field theory: a 
(1 + l)-dimensional TQFT coupled to singular surface-bundles. To a thi^ee-manifold Y 
with a fibre bundle vr : Y —>■ and a Spin'^ -structure t (subject to certain restrictions) 
we assign a symplectic Floer homology group HF^{Y, vr, t) , and when Y is the boundary 
of a broken fibration there is a relative Lagrangian matching invariant in HF^{Y, vr, t). 

Another use of our Lagrangian boundary conditions is to define a Floer homology 
group //F*(F, 7r,t) when tt is an 5' -valued Morse function without local extrema. 
Its Euler characteristic is the Turaev torsion. We shall explain the construction in a 
separate paper. 

1.1 Relation to near-symplectic geometry 

The construction of Lagrangian matching invariants was guided by Taubes' programme 
[29] to obtain the Seiberg-Witten invariants of a neai-symplectic four-manifold as 
generahsed Gromov invariants. However, making a rigorous comparison presents con- 
siderable challenges (besides the matter of precisely defining the generalised Gromov 
invariants); there is no 'tautological correspondence' in the sense of Usher [32]. 

It may be worth emphasising that, in contrast to Taubes' framework, the technical 
difficulties in the pseudo-holomorphic theory underlying our invariants from our moduli 
spaces are rather mild, at least if one does not aim for the greatest conceivable generality. 



Lagmngian matching invariants for fibred four-manifolds: I 



3 



Rather, the difficulty in formulating these invariants was in finding good moduli spaces 
to consider. 

It seems to be typical of theories based on symmetric products that there are techni- 
cal gains in the pseudo-holomorphic theory, and in manifest functoriality, but a loss 
in explicitness which can make computations hard. (A strength of Heegaard Floer 
homology is that it strikes an effective balance between these aspects.) 

1.2 Relation to Seiberg-Witten invariants 

The conjectural equality of Lagrangian matching and Seiberg-Witten invariants has 
the flavour of an 'Atiyah-Floer' conjecture. For a start, the Lagrangian boundary 
conditions, which we construct by direct symplectic means, may well have a gauge- 
theoretic interpretation arising from the Seiberg-Witten equations on a three-manifold 
with boundary (see Remai^k 1.8). It would be more interesting, though, to find & formal 
(TQFT) reason for equality, in the vein of Donaldson's argument in [3]. 

1.3 Relation to Heegaard Floer homology 

There is a rather direct link with Heegaard Floer homology, and also with Yi-Jen Lee's 
programme to relate it to monopole Floer homology [13], which will be developed in 
a future article. 

As mentioned above, the Lagrangian boundary conditions studied in the present pa- 
per, and used to define the Lagrangian matching invariants in its sequel, can also 
be employed to define symplectic Floer homology groups for a three-manifold with 
an -valued Morse function all of whose critical points have indefinite indices ( 1 
or 2). Now, given a self-indexing Morse function / on , the connected sum 
Y' = y#(S' X S^) carries such an -valued Morse function: one thinks of Y' as the 
result of removing two balls in Y containing the maximum and minimum, and gluing 
back [—1, 1] X 5^. One considers only those Spin'^ -structures t on Y' such that ci(t) 
evaluates as 2 on a 2-sphere in the added handle. The Lagrangian boundary conditions 
which we use to define our Floer homologies then reduce (up to smooth isotopy, and 
probably also up to Hamiltonian isotopy) to the Heegaard tori Tq, in Sym'^(i;), 
where S =/~'(3/2) C Y . This viewpoint may give some insight into the cobordism 
maps in Heegaai^d Floer homology, which can be computed as Lagrangian matching 
invariants for broken fibrations of a particular kind. In this framework there is no need 
to decompose cobordisms into their elementary pieces. 
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1.4 Broken pencils and fibrations 

Definition 1.1 A broken fibration (X, vr) on a smooth, compact, oriented, four- 
manifold X (possibly with boundary) is a smooth map vr : X — > S to a compact surface 
S such that the set of critical points X™^ is the union of a discrete set D C int(X) and 
a one-submanifold Z C int(X). These are constrained as follows: 

• For each x ^ D, there exist positively oriented local coordinate charts 

ij, : (C2, 0) ^ {X,x), : (C, 0) ^ {S, 7r(x)), 

such that o TT o ip.^ coincides, near the origin, with the map (zi , Zi) ^ Z1Z2 ■ 

• For each point z ^ Z, there exist positively oriented local coordinate charts 

cP, : (M X 0) ^ (X, z), Uz) ■■ 0) ^ (5, ^(z)), 
such that ^^^1.^ o TT o (f>^ coincides, near the origin, with one of the two maps 

(1) {t;xi,X2,X3) {t,x\ +xl- xj), {t;xi,X2,X3) {t,-x\ - xl+xj). 

• 7r(Z) C 5 is an embedded 1-submanifold disjoint from tt{D). Furthermore, vr 
maps each component of Z diffeomoiphically to its image. 

• There exists w G H^{X; W) such that (w, h) > for every h G H2(X) which is 
represented by a connected component of a fibre of vr . 

Remark 1.2 One can contemplate many variations on this definition. For instance, 
there is no good reason to exclude the possibility that Z contains arcs transverse to dX, 
though it was expedient to do so here. We believe that the techniques presented here 
can absorb the greater generality that that would entail, and we plan to explain this in 
a future paper 

These fibrations were introduced (under the name 'singular Lefschetz fibrations') by 
Auroux, Donaldson and Katzarkov [1]. As they showed, the cohomological hypothesis 
implies that there exists a near-symplectic form m G Z^(X) , a closed two-form such 
that u!^ > for X G X\Z and Wj. = for z G Z, positive on the fibres at regular points. 
(If Z = 0, this reduces to an observation of Gompf's about Lefschetz fibrations.) 

Example 1.3 Suppose that Y is a closed, oriented three-manifold, and f: Y ^ a 
Morse function such that all critical points have index I or 2. Thenf x id^i : F x 5' — > 
X 5' is a broken fibration. The cohomological condition (4) holds because every 
regular point lies on a loop 7 such that df{'^) > 0. 
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Morse function 

Y 



Figure 1: As one crosses a circle of critical values, the topology of the fibres changes by 
surgery. The singular fibres have conical singularities. 

The topology of the fibres of a broken fibration changes as one crosses a circle of 
critical values. The preimage of a transverse arc is a three-manifold with boundary, 
equipped with a Morse function, as illustrated in Figure 1 . 

Near each circle of critical points, there is a 'attaching surface'^ Q, cut out in the 
coordinates (t;xi,X2,X3) as {x^ = 0; x^ + x^ = e} . This can be a torus or a Klein 
bottle. In the last example these surfaces are tori, but in the next one we get a Klein 
bottle. 

Example 1.4 (See Figure 2.) Let T be a 2-torus, and a, b the standard loops 
generating //i(r;Z). Let tt: E —>■ A be a Lefscttetz fibration over ttte disc witti 
regular fibre T = 7r~^(l) and two critical points whose vanishing cycles vi and V2 (for 
vanishing paths 71 and ^2) represent the homology classes {b\ and {b\ + 2[a\. We 
may then suppose that the v,- both meet a transversely at a single point, as shown in 
the figure. 

The monodromy of the fibration is the composite of positive Dehn twists: m = r,,, otvj . 
By the Picard-Lefschetz formula, m^:([a]) = —[a] ; hence m(a) is isotopic to the curve 
a, with reversed orientation. Therefore a sweeps out a Klein bottle Q C dE. One 
can extend E to a broken fibration over a larger disc D in which Q collapses to a 
circle of critical points, mapping to a circle parallel to dD. This is what is depicted 
in the figure (S is a 'vanishing path' to the critical circle; associated with it is the 
attaching circle a, shown as a heavy line in the two pictures of the fibre). The fibres 

' Q is the surface along which one would attach a round two-handle 5' x D' x D~ in giving 
a round handle decomposition of the broken fibration. 
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Figure 2: A broken fibration over 5^, with tori and spheres as regular fibres. Only one 
hemisphere of the base is shown. The loop a sweeps out a Klein bottle (over the 'tropic of 
Capricorn') which collapses to a circle of critical points over the equator. 

over dD are two-spheres, and they contain a distinguished 'braid' (two points on each 
fibre, corresponding to the points {{t; 0, 0, ±e)} in the local model 1 ). This braid is 
isotopic to a trivial braid in S^xS^. We can complete the fibration to a broken fibration 
tt' : X — > 5^ by gluing on a trivial -bundle over the north-polar disc, using a gluing 
map which trivialises the braid. 

The resulting four-manifold X is simply connected with Euler characteristic = 4 
and signature a{X) = (because tt' has a section). Indeed, it has a square-zero section, 
and since this and the fibre form a Z -basis for homology, the intersection form must 
be even. Hence X is a homotopy-S^ x . 

Since it is of some interest for the uniqueness problems for broken fibrations, we now 
verify that the manifold X of the last example really is 5^ x 5^ . 

Proposition 1.5 X is diffeomorphic to x . 

Proof Think of the base as C U {cxd}, with the critical values lying in C in the 
manner depicted in Figure 2. Consider the circles Cx = {Re(z) = x} U {cxd} c 
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C U {00} ; these appear as vertical rulings of the diagram. For C » 0, the preimages 

^'~HUjr<-c '^^^ ^'~'(Uv>c '--^^ ^^'■'^ diffeomorphic to x . We claim 
that vr'~'(|J_(-<^.<(- c.v) is a trivial cobordism. To see why the claim holds, let xq be 
the least x such that hits the critical circle. For small positive e, 7r'~^(cv(,+e) is 
diffeomorphic to (5' x S^) U ei, where ei is a 1-handle; and vr'~'(|J^^_^<^<^^^^ c^) 
is an elementary cobordism. This is left to the reader to see, but we do point out the 
belt-sphere of the handle attachment (a 2-sphere in ir'^^icxQ+e))- it has a circle in a 
torus fibre, isotopic to a , as its equator, which is then pinched off at the two critical 
points of vr' lying over Cxg+e ■ For some xi > xq, passes through the first isolated 
critical value, and 7r'~^(cx) changes by adding a 2-handle along vi (with framing given 
by the fibre-framing minus 1). This cancels with the 1-handle, because its attaching 
circle vi intersects the belt sphere transversely at a point. Thus ''^'~^i[j-c<x<x 
is a trivial cobordism. For the same reason, vr'~^(|J^. ^^^x<c ^-^^ ^ trivial cobordism. 
The claim follows. 

We deduce that X' is diffeomorphic to (D^ x S^) U,^ (D^ x S^), for some orientation- 
reversing self-diffeomoiphism (/> of 5^ x 5^. We can finish the proof rapidly but 
heavy-handedly by invoking Hatcher's theorem on Diff(5'' x S^) [10], which implies 
that (j) is isotopic to one of two standard maps. These maps yield 5^ x 5^ and CP^#CP^ , 
the second of which does not have even intersection form. □ 

A notion closely related to broken fibrations is that of 'broken pencils': 

Definition 1.6 A broken pencil is a triple vr), where B \ int(X) is a discrete 

subset, and n : X\B ^ a map whose critical points conform to the models in points 
(1) and (2) of Definition 1.1, and satisfy the condition (3). The model near a point of 
B is the projectivisation map \ {0} CP', (zi,Z2) ^ (zi '■ Zi)- Condition (4) is 
also imposed, where by a 'fibre' of vr we mean the closure in X of 7r~^(pt). 

Again, broken pencils are near-symplectic, and the remarkable result of [1] is that the 
converse is true: on a closed near-symplectic four-manifold (X, uj), there exist broken 
pencils vr whose one-dimensional critical set Z coincides with a;~^(0). Moreover, one 
can take 7r(Z) to be a single circle in , and vr to be 'directional' in the sense that only 
one of the two models in (2) is invoked. 

After blowing up X along B, the composite of the blow-down map X — > X with vr 
extends smoothly to a broken fibration X ^ . The exceptional spheres are sections 
of it. Since near-symplectic forms exists as soon as b^{X) > 0, the conclusion is that, 
for any non-negative-definite X, X#NCF admits a broken fibration for any sufficiently 
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large A'^. (After the basepoints are exhausted, one can go on blowing up using a simple 
procedure which produces reducible nodal fibres.) 

Roughly speaking, broken pencils are to near-symplectic forms as Lefschetz pencils 
are to symplectic forms. However, basic questions remain unanswered: 

• Which connected four-manifolds support broken pencils with connected fibres? 
(The fibres over one hemisphere are certainly connected.) 

• Auroux-Donaldson-Katzai^kov's sequences of broken pencils seem not to be 
'asymptotically unique'. How are different sequences of pencils on the same 
manifold related? A more elementary problem is to write down a set of 'moves' 
which generate many broken fibrations starting from a given one. Example 
1.4 can easily be adapted to give a procedure which increases by 1 the genus 
of the fibres of a given fibration over a small disc, and does not change the 
diffeomorphism-type. This provides one such move. 

• Which smooth four-manifolds support broken pencils if we drop the cohomo- 
logical condition (4)? (All of them?) 

Remark 1.7 A development relevant to the second and third questions has occured 
since the first version of this paper appeared: Gay and Kirby [7] have produced achiral 
broken fibrations (not usually satisfying condition (4)) on arbitrary smooth closed 
four-manifolds. Any embedded surface of self-intersection zero can be realised as a 
fibre, and its framing can apparently be chosen at will; so, for example, both homotopy 
classes of maps — > 5^ are represented by achiral broken fibrations. 

Our invariants will be defined for broken fibrations rather than pencils. One could 
define invariants of broken pencils from ours simply by blowing up the base locus B 
(and relating Spin'^ structures on X and X in the usual way). Then the invariants of X 
and X would be related by the blow-up formula familiar from Seiberg-Witten theory. 
However, we will have no more to say about this. 

1.5 Outline of the construction 

Our construction has three stages: 

(I) Constructing Lagrangian boundary conditions for pseudo-holomorphic curves. 

(Ila) Properties of the moduli spaces of pseudo-holomorphic curves (transversality, 
compactness, orientation, etc.). 
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(lib) Algebraic formulation of the invariants. 

Stage (I), the subject of the present paper, is perhaps the most interesting, for it is not 
obvious how to generalise the moduli spaces studied by Donaldson and Smith. For 
(Ila), carried out in the sequel [21], standard techniques from the theory of pseudo- 
holomorphic curves suffice, at least if one is prepared to make numerical hypotheses 
on the Spin'^ -structures considered. Stage (lib) is mostly 'soft' topology. 

1.5.1 The Lagrangian correspondences 

For (I), the key observation (Theorem A, in Section 3.1) is that, if E is a closed 
Riemann surface, and S a Riemann surface obtained by surgering out a circle L C S 
(i.e. by excising an annulus-neighbourhood of L and gluing in two discs) then there is 
a distinguished Hamiltonian isotopy-class of Lagrangian correspondences 

Vl C Sym"(S) x Sym"-i(S), « = 1,2, • • • : 

Lagrangian for a symplectic form of shape (— cj) © where uj and lu are Kahler forms 
lying in certain cohomology classes. Vl arises as a vanishing cycle for a symplectic 
degeneration of Sym''(S), as follows. Form a holomorphic Lefschetz fibration (E, vr) 
over the closed unit disc A, with smooth fibre T, = Ei and vanishing cycle L C £, as 
in Figure 3. The normalisation of the nodal fibre can then be identified with E by a 
diffeomorphism which is canonical up to isotopy. 

The family Sym'^(£') — > A of symmetric products of the fibres is a globally singular 
space, but, as observed by Donaldson and Smith, it has a resolution of singularities 
Hilb^(£') — > Sym\{E), the relative Hilbert scheme of n points, which fits into a 
commutative diagram 

Hilb'^(£) ^ Sym'^(£) 




A. 

A point on the Hilbert scheme is a pair {s,T), where 5 G A and I is an ideal sheaf in Oe, 
such that X]^e£, 'l™c(C£',,.r/^r) = n. The natural 'cycle map' Hilb'^(£') Sym'^(£') 
is bijective except over G A; it partly resolves the fibre over 0. The crucial 
observation, which is mentioned in passing by Smith [28, Proposition 3.7], is that 
the critical manifold of the natural map Hilb'^(£') A (that is, the normal crossing 
divisor in the zero-fibre Hilb"(£'o)) is naturally biholomorphic to Sym"^^(£'o)- 
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n j normalisation map 




Figure 3: An elementary Lefschetz fibration E ^ A with smooth fibre E and vanishing cycle 
L. We recover E as the normalisation of its central fibre. 

This hidden link between Sym"(E) and Sym"~'(f]) is the starting point for our con- 
struction. 

Choose a Kahler form on Hilb2^(E). The Lagrangian correspondence Vl between 
Sym"(S) and Sym"^'(S) is defined as the graph of symplectic parallel transport, over 
the ray [0, 1] C A, into the critical set Sym"~H£'o). 

The relative Hilbert scheme belongs to a class of symplectic degenerations which we 
call 'symplectic Morse-Bott fibrations'. Their geometry is developed in Section 2. 
The specific geometry of Vl is explored in Section 3. For a bare definition of the 
invariants, a shorter treatment would suffice, but our aim is to get a grip on these 
decidedly slippery coiTcspondences, both for the sake of intuition and as a foundation 
for future work. For example, the link with Heegaard Floer homology requires a good 
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deal of control over the vanishing cycles. 

Remark 1.8 One can also construct (embedded? non-singular?) Lagrangian corre- 
spondences between symmetric products — equipped with their canonical Kahler forms 
arising from their interpretation as vortex moduli spaces — via the Seiberg-Witten equa- 
tions on (a metric completion of) the elementary 3-dimensional cobordism, compare 
[25]. It would be very interesting to understand the relation of these correspondences 
with ours; this could also be a first step in relating Lagrangian matching and Seiberg- 
Witten invariants. 

1.5.2 A moduli space 

For concreteness, we will focus here on an 'elementary broken fibration' (Xq, it) over 
a cylinder C = 5' x [—1,1]. This has just one circle of critical points, mapping 
diffeomoiphically to C"'' = x {0}. Let Y = tt~\S^ x {-1}) and Y = tt~\S^ x 
{1}). Let us suppose that the fibres F, have genus g, and that the fibres ?, genus 
g — I. (One can perfectly well reverse the orientation of C, but things run a little more 
smoothly if we suppose that the fibres are connected.) 

Inside Y, there is the attaching surface Q — a torus or a Klein bottle — formed from 
circles in the fibres 7; which shrink to points in the circle X™'.^ Let 

yW = Sym^,(F), = Sym^rH?) 

be the 'associated bundles' of symmetric products of the fibres. These become smooth 
when one chooses complex structures on the fibres of F ^ 5' and Y —>^ SK By 
applying the construction of Lagrangian conespondences simultaneously to all the 
circles QHYt C F, , we obtain a sub-fibre bundle 

Q C fW x^i Y^"-^\ 

There exist closed, fibrewise Kahler forms Q on Y^"^ and on F^""'^ such that Q 
is globally isotropic with respect to (— il) © Cl. This construction is the content of 
Theorem B (in Section 4). 

We obtain a moduli spaces of holomorphic curves as follows. Consider the two spaces 

XM ^ X (_oo, 0], = X [0, oo), 

am indebted to Paul Seidel for the idea that this surface could serve as a boundary condition 
for holomorphic curves. 
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equipped with the forms obtained from Q. and 17 by pulling back. These spaces 
fibre respectively over C~ := x (—00,0] and over C+ := x (c>o,0]. Choose 
asymptotically translation-invariant almost complex structures on the vertical tangent 
bundles of X^"^ and X'"! , compatible with the fibrewise symplectic forms. Consider 
pairs {u,u) where u (resp. u) is a pseudo-holomoiphic section of X^"^ —>■ C~ (resp. 
XW 5'i X C"*"). Both are required to have finite energy. Neither u nor u is 
individually constrained by a boundary condition over x {0} . However, the pair 
(du, du) := {u\S^ x {0}, u\S^ x {0}), which is a section of x^, yfn-i], is required 
to be a section of the sub-fibre bundle Q — > 5' . 

It is possible to interpret this boundary condition as a Lagrangian boundary condition 
for a pseudo-holomorphic half-cyUnder in a symplectic manifold. In particular, its 
linearisation is Fredholm. 

There are three sources of non-compactness for the moduU space of pairs (m, m): (i) a 
sequence may converge to a 'broken trajectory' in the sense of Floer theory; (ii) there 
may be bubbles in interior fibres; (iii) there may be boundary bubbles, i.e. holomorphic 
discs in the fibres of Y^"^ x F["~i] with boundary on Q. Of these, (i) is an essential 
feature, built into the algebra of Floer homology; we will rule out (ii) and (iii) on 
'mono tonicity' grounds providing that n > g(S), and on 'weakmonotonicity' grounds 
when n < (g — l)/2, using the methods due to Hofer-Salamon and Lazzaiini. The 
range {g — I) /2 < n < g — I would take us into the realm of virtual moduli chains; 
boundary-bubbling would be a serious issue. The case n = ^ — 1 is a little better, but 
there could be complicated wall-crossing phenomena. 

Remark 1.9 How are we to understand the boundary condition Q? A section 7 of 
Q projects to an n -fold multi-section 7 of Y, and an (n — l)-fold multi-section 7 of 
Y ; these have homology classes [7] G H\{Y; Z) and [7] e H\{Y; Z) . It turns out that 
there is a standard relative homology class (3 G H2(Xo, dXo U Z; Z), where Z = X™' 
is the circle of critical points, such that 

d(3 = [7] - [7] + [Z]. 

Thus there is a surface in Xq which 'tunnels' between 7 and 7 and has one further 
boundary component, along Z. This can be chosen to be a disjoint union of cylinders. 
Loosely speaking, Q encodes the condition that 7 'matches ' with 7 in the sense that 
there is such a surface joining them. This notion of matching boundaries explains the 
name of our invariant, which is intended to be suggestive rather than literal. It also 
makes a weak link with Taubes' programme — at the level of homology, not of moduli 
spaces. 
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As Floer homology experts will realise, there are symplectic Floer homology modules 

associated with the bundles of symmetric products Y^"^ and Y^"~^\ In general, these 
ai^e modules over the universal Z-Novikov ring Az- Our moduli space gives rise to a 
homomorphism 

<5 : HF,{Y^"\n) ^ //f 17). 

This is a raw form of the Lagrangian matching invariant of an elementary broken 
fibration. (If one decomposes the Floer homology groups by topological sectors 
(Spin'^ -structures) it is possible to choose the two-forms in such a way that the group 
associated with a fixed sector is defined and finitely generated over Z rather than A^.) 

By considering the same broken fibration over the orientation-reversed cylinder, one 
gets another map ^' running in the opposite direction. This map is the adjoint of $ 
with respect to the Poincare duality on Floer homology. 

It seems highly likely that computational consequences in Floer homology can be 
extracted from Lagrangian matching invariants, possibly in the form of exact triangles 
(a precise conjecture is stated in Part II). 

1.5.3 Lagrangian matching invariants for compact manifolds 

The Lagrangian boundary condition Q serves equally well when one has a broken 
fibration over a compact surface. For example, given a broken fibration {X, vr) over , 
with just one circle of critical points Z, mapping to an 'equator' 7r(Z), one parametrises 
a neighbourhood C of tt(Z) as a cylinder. Then \int(C) = UD^, where are 
closed discs. Let = 7r~^(D^), and suppose that the regular fibres over (resp. 
D~) have genus g (resp. ^ — 1). Then one considers pairs (i<+, u~), where (resp. 
M~ ) is a pseudo-holomorphic section of the relative Hilbert scheme Hilb^+ {X~^) (resp. 
Hilb^~'(X^). The pair of boundary values {du^,du~) is again required to lie on a 
Lagrangian Q. 

We should keep track of the 'topological sectors' of the moduli space, namely, the 
homotopy classes of pairs of smooth sections (u'^,u~) with boundary on Q. Each 
topological sector /3 distinguishes a Spin'^ -structure 5^3 G Spin'^(X) (that is, the homo- 
topy class of a lift of the classifying map for the tangent bundle from B GL'^(4, M) to 
BSpin'=(4)). 
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Theorem D [21] The expected dimension of the moduli space for the sector [3 is the 
number 

d{5p) = ^-{ci{5pf - 2x(X) - 3a(X)). 

This number is familiai^ to gauge theorists as the dimension of the Seiberg-Witten 
moduh space. 

One can cut down the moduh space to zero dimensions by insisting that m+ passes 
through certain cycles in marked fibres of the relative Hilbert scheme. The cut down 
moduli space is (for certain 5^3) compact. The Lagrangian matching invariant is a count 
of its points. It also keeps track of homological information about the cycles used to 
cut down the moduli space. 

Remark 1.10 Weshould warn thereaderof the potentially confusing point that relative 
Hilbert schemes play two distinct roles in this story. We study pseudo-holomorphic 
sections of relative Hilbert schemes of points on Lefschetz fibrations; however, the 
boundary conditions for these sections are also derived from relative Hilbert schemes 
of points on elementary Lefschetz fibrations. 

1.5.4 Formulation of the invariants 

Let Spin'^(X) denote the H^{X; Z)-torsor of (isomorphism classes of) Spin'^ -structures 
on the oriented four-manifold X . When X is given a structure of broken fibration, with 
F G HiiX; Z) the class of a regular fibre, we write 

S^in\X)u = {s G Spin^(X) : (ci(s),f) = 2fc,(*)}, 

where (*) is the condition that for any connected component S of a regular- fibre, one 
has (ci(5),[S]) > x(S). 

Definition 1.11 ^ G Z is admissible for (X, vr) if either (i) the fibres are all connected 
and A: > 0, or (ii) x(X,)/2 <k < -x(X,)/2 for all s G S'""^ . A Spin'^ -structure s is 
admissible if s G Spin'^(X)^; with k admissible. 

Construction Theorem C [21] To a broken fibration (X, vr) over , such that 7r|X™' 
is injective, one can associate an invariant ^(x,tt) , the Lagrangian matching invariant. 

This is a map 

(j Spm%X)k ^ A(X), 5 ^ L^x,n)(5). 

k admissible 
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Here A(X) is the graded abelian group 

Z[U] ®z A*H\X; Z), deg(U) = 2. 

The element £^(x,7r)(s) is homogeneous of degree d{5). It is invariant under isotopies 
of vr through Rbrations of the same type, and equivariant under isomorphisms {X, tt) = 
{X',7r'). 

The same holds when the base is an arbitrary surface S , providing one replaces A{X) by 
A(X, it) = Z[U] ®z A* Hom(/^, Z), where C Hi{X\ Z) is the subgroup of classes 
supported on a fibre of vr . 

Remark 1.12 The condition that 7r|X'^"' should be injective can always be achieved 
by perturbing a given fibration so that a multiply-covered circle of critical values 
becomes a family of parallel circles. Unfortunately, we do not prove here that different 
perturbations give thesame ^{x,tt) , so we cannot remove this restriction. Whatisneeded 
is a commutativity property for Lagrangian correspondences (Conjecture 3.19), which 
should be provable by fine-tuning of symplectic forms. 

The format of this invariant is familiar. The Seiberg-Witten invariant of a four-manifold 
with Z;"*" > 1 can be formulated as a map 

SWx: Spin'^CX) ^ A{X), 

where SWx(s) is homogeneous of degree J(s). In this formulation, SWx(s) is the 
fundamental homology class of the Seiberg-Witten moduli space in the ambient con- 
figuration space g , under isomorphisms 

Z) = H,{B3x; = MX). 

Here Sz = Map{X, S^) is the gauge group. We should make two standard caveats: (i) 
The overall sign of SWx depends on a homology orientation for X ; (ii) if b^{X) = 1 , 
one has to choose a 'chamber' in the space of auxiliary parameters. 

Conjecture 1.13 Let s G Spin'^CX)^: with k> \ admissible. Then 

Lx,n{5) = ±/(SWx(s)) 

on Spirf(X)ic , k > I, where i : A{X) — > A(X, vr) is the map induced by ^ H\ {X; Z) , 
and the sign is independent of s. In particular, Lx.tt depends only on X and not on 
TT. (When = I, the right-hand side is calculated in the 'Taubes chamber' of a 

compatible near symplectic- form.) 
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The assumption > 1 is somewhat arbitrary; the conjecture might well hold for many 
(if not all) of the other Spin'^ -structures for which Lx^-n is defined. 

It is already known, by combining theorems of Usher and Taubes, that the Donaldson- 
Smith invariant is the Seiberg-Witten invariant for high-degree Lefschetz pencils. In 
the case of broken fibrations which arise from Morse functions by crossing with , 
the Lagrangian matching invariant can be understood via (2 + 1) -dimensional TQFT 
methods. 

Theorem E [21] Let Mk he a 3-manifold obtained by zero-surgery on a knot, 
f : Mk —>^S^a Morse function with critical critical points of index one and two such that 
f*[S^] is a generator for {Mk, Z). Consider the broken Hbration id x/: 5' x Mk 

X , and let s be an admissible Spin'^ -structure. If ci(5) is the puUback of k times 
the generator of H^{Mk; Z), then d{s) = and 



where ag + a,(t' + t ') is the normalised Alexander polynomial of K. 

There is also a vanishing theorem for the connected sum (not fibre sum!) of broken 
fibrations: 

Theorem F [21] Let {X, vr) and {X', vr') be broken fibrations over the same base. 
Then there is a broken Hbration on the connected sum X#X' whose invariants vanish 
for any admissible Spin^ -structure. 

(The admissible Spin'^ -structures are fewer than one would like here, because there 
are disconnected fibres.) 

1.5.5 The field theory 

This is constructed using the theory of Floer homology for symplectic automorphisms, 
applied to relative symmetric products of fibred three-manifolds. See also Usher's 
closely related work [33]. The symplectic forms involved are chosen carefully so as to 
get a theory which is finitely generated over Z (for a fixed topological sector). 

• Let (Y, vr) be a closed, oriented 3-manifold fibred over a closed, oriented, one- 
manifold T. Let t G Spin'^(y)<: where k is vr -admissible. To (7, 7r,t) is 
assigned a finitely generated abelian group HF^{Y, t) (which might depend on 
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TT, despite the notation). Write HFY(Y,t) for HF^{Y,t) ® Q. If l: T ^ T 
is an orientation-reversing diffeomorphism, and l*tt: — Y ^ T the resulting 
fibration, one has 

(2) HF^{-Y,-i) = HF^{Y,tr. 
IfT = TiUT2, and F,- = F|r,-, then 

(3) HF^{Y, t) = t|ri) HF^{Y2, t\T2). 

• HF^{Y, t) is graded by the Z-set 7(F, t) of homotopy classes of oriented 
two-plane fields ^ C TY underlying t. That is, HF^{Y, t) is a direct sum 
®jGy(F t) observed by Kronheimer et al. in [12, section 2.4], 
J(Y, t) is naturally a transitive Z-set with stabiliser div(ci(t))Z, where div(c) is 
the divisibihty of c in H^iY; Z).) 

• HF^{Y, t) is a graded module over the graded ring Z[U] ®z A*/^ , where U has 
degree —2,wAIt^ has degree —1. That is, U-HFj C HFj^2 and a- HFj C HFj^i 
for a e Itt- 

• Let (X, vr) be a broken fibration over a compact surface-with-boundary S. Let 
F = 7r~^(95), and suppose s G Spin'^(X) is admissible. Then there is a relative 
invariant, namely an element 

iiix,.){5)£HF,{Y,i), t = 5\Y. 

^(x,7r)(s) has degree zero in the sense that it lies in HFj(Y, t) , where j G J(Y, t) is 
characterised by the existence of an almost complex structure on X , representing 
5 and preserving 7 on F. 

• When (X,5) is a cobordism from (Fi,ti) to (F2,t2), and F, = 7r~^(50 for a 
decomposition dS = dSi 11 882 , we usually rewrite the relative invariant, using 
formulae (2, 3), as a group homomorphism 

^(x,.)(s) G Hom(//F?(Fi,ti),//F?(F2,t2)). 

It then intertwines the action of Z[U] . If classes ai G I-n-^ and Q2 G I-n-2 become 
homologous in X, then 02 ■ ^(x,tt){s)(x) = L(x,Tr)(5)(a\ ■ x). 

• When S separates along an embedded circle T C S'^^^ , S decomposes as S = 
5i U 52 and X as X = Xi Uy X2, where F = 7r~\T). Orienting T as the 
boundary of , one has 



(4) 



18 



Tim Perutz 



• Continue with the last point but now suppose S is closed. One can use the duality 
property of the groups under orientation-reversal to write £jqi^^^^\x2M\^2) as a 
homomorphism 

Then the invariant for the closed manifold X is computed using the module 
structure as 

where A G ^*I-k is in the image of A*/^|y. 

Remark 1.14 We have brought in rational coefficients only so as to avoid distracting 
Ext and Tor terms. 

Remark 1.15 Floer homology aficionados will want to know how HF^(Y, t) com- 
pares with the groups arising in other Floer theories. D Salamon conjectured that the 
symplectic Floer homology groups of relative symmetric products of {Y, vr), defined 
using a closed two-form O G Q,^{Sym'^i{Y)), should be isomorphic to the perturbed 
Seiberg-Witten monopole Floer homology of Y [24]. Different forms Q will corre- 
spond to different perturbations; one can make this precise by comparing the periods, 
cf. Y Lee's article [13]. The canonical, finitely-generated group HF{Y,t) should be 
isomorphic to monopole Floer homology with 'monotone perturbations': 

HF,{Y,t)^ HM.{Y,t; [w]). 

Here w is a closed two-form which is used to perturb the Chem-Simons-Dirac func- 
tional, chosen so that [w] = Aci(s), where X > Itt (compare [13]). For such a [w] 
there are no reducibles, so HM. = 0. Hutchings' periodic Floer homology groups 
(which, like HF^(Y, t), involves the map vr ) are also thought to be isomorphic; Usher 
has made some progress in this direction [33]. Ozsvath-Szabo's HF^ is closely 
related, but not always the same (our groups can be non-zero for infinitely many t ). 

It is natural to conjecture that, under the isomorphism between HF^, and monopole 
Floer theory, the cobordism-maps should also coincide, i.e. that these are equivalent 
field theories on the cobordism-category of broken fibrations equipped with Spin'^- 
structures. 

1.5.6 Further directions 

There are other gauge theories which one could attempt to mimic using methods similar 
to those in this paper, notably S0(3) instanton theory. Indeed, Chris Woodward 
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and Katrin Wehrheim are working on a closely related theory based on Lagrangian 
correspondences between spaces of flat connections. The SU(2) instanton theory is 
more problematic; one needs a good way of dealing with the singularities in moduli 
spaces of flat connections over surfaces. It would also be interesting to develop the 
knot Floer homology of Ozsvath-Szabo and Rasmussen from a 'Lagrangian matching' 
point of view. As we have mentioned, Lagrangian matching invariants have applications 
within symplectic Floer homology; we plan to develop this by studying the exactness 
of certain triangles of Floer homology groups. 

1.5.7 Navigation 

The main results of this paper — the ones which have a major bearing on its sequel — are 
Theorem A (which occurs near the beginning of Section 3.1) and Theorem B (in Section 
4). The results of Section 4. 1 will also be needed, though their role is of secondary 
importance. The 'structure theorem' 3.13 is an important staging post in establishing 
Theorems A and B. Section 2 sets the stage; it also contains a non-trivial result, the 
'monodromy theorem' 2.19 which, however, is not part of the main logical thread. 
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2 Fibred symplectic Picard-Lefschetz theory 

A leading role in this paper is played by certain Lagrangian correspondences 
V C (Sym"(E) x Sym"~^(S), u; © -ui) 
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between symmetric products of Riemann surfaces S, S, where x{T,) — x(^) = 2. 
The natural setting for these submanifolds is Picard-Lefschetz theory: they arise as 
vanishing cycles for algebro-geometric degenerations of Sym"(S). The degenerations 
are globally smooth, but have critical fibres with normal crossing singularities. Our 
approach emphasises the symplectic geometry of these degenerations; for us, they are 
examples of 'symplectic Morse-Bott fibrations'. In this section we develop the geom- 
etry of such fibrations. Only the basics are required for the definition of Lagrangian 
matching invariants. The results on monodromy (2.4, 2.5) are not, though they may 
well prove useful in computations. 

The work of Seidel and Smith [27] exploited closely related geometries. However, by 
working with affine algebraic varieties with C* -actions, they were able to circumvent 
several difficulties (but had to contend with an additional one, concerning parallel 
transport). 

Definition 2.1 (a) A symplectic Morse-Bott fibration {E,7r,Q,JoJo) consists of 
a manifold £'2«+2 (possibly with boundary) and a smooth proper map ir: E ^ S to 
an oriented surface S, mapping dE submersively to dS; a. closed two-form Q on E; 
an almost complex structure Jq in a neighbourhood of the set of critical points of vr , 
^■cnt . J ^ positively oriented complex structure jo in a neighbourhood of the set 
of critical values S™' C S. 

It is required that vr is (7o Jo)-holomorphicnear £''^"' ; that is a smooth submanifold 
of E ; that the complex Hessian form 

//, := ^(DV),: A^, <S)cN, ^ r^(,)5 

is non-degenerate as complex bilinear form, for each fibre A^^^ of the normal bundle 
— > £''^"' ; and that U is non-degenerate on the vertical tangent distribution T'^E = 
ker(D7r), compatible with Jq, and 'normally /o-Kahler' (defined momentarily) near 

£crit_ 

(b) An elementary symplectic Morse-Bott fibration is one where the base 5 is a 
closed disc D(r), having 5™' = {0}, with connected critical set It has rank k 
when £''^"' has real codimension 2^ + 2 in 

(c) We explain the term normally Kahler. This means that a neighbourhood of S™' 
is foliated by /o-complex normal slices {Sx}xeE"''^ such that Jq\Sx is integrable and 
Q\Sx Kahler. 

In our applications, Jq will usually be integrable, and U a Jq -Kahler form near E"^^ . 
This implies that it is normally Jq -Kahler: for example, one can construct the leaves 
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Sx as the fibres of the tubulai^ neighbourhood embedding of a disc bundle in A'^ induced 
by the Kahler metric. 

The condition of being 'normally Kahler' is a technical convenience. It could probably 
be eliminated by means of an argument to show that after perturbing Jq and 17 it can 
always be satisfied, but we do not pursue this point. 

Definition 2.2 A locally Hamiltonian fibration (LHF) is a triple (£, vr, 0), where 
vr : £■ ^ 5 is a smooth fibre bundle, and $7 a closed two-form such that 0| ker(Z)7r) is 
non-degenerate.^ 

A point of crucial importance is that an LHF has a canonical symplectic connection, 
whose horizontal distribution T^E is the symplectic complement of T^E = ker(D7r) . 
Locally in S, this connection effects a reduction of structure group from the symplectic 
automorphism group Aut(£'i, ill^v) to the Hamiltonian group Ham(£'^, Q.\Es). 

2.1 Lefschetz fibrations 

A symplectic Morse-Bott fibration with discrete critical locus S'^"' C £ is called a 
symplectic Lefschetz fibration; these are the subject of symplectic Picard-Lefschetz 
theory. In [26], Seidel gives a complete account of the part of this this theory which is 
local in the base. Briefiy, this goes as follows. 

With an elementary Lefschetz fibration, whose smooth fibre is (M, w) = {Er,^\Er), 
one associates its vanishing cycle (L, [f]), which is a Lagrangian submanifold L C M 
together with a framing (a diffeomorphism f:S" ^ L, up to reparametrisation by 
orthogonal transformations). Conversely, given a framed Lagrangian sphere (L, \f]) 
in {M,uj), there is a standard elementary Lefschetz fibration which has (L, [/]) as 
vanishing cycle. 

Also associated with (L, If]) is the Dehn twist G Aut(M, lo) , which is a symplec- 

tomoi"phism determined up to Hamiltonian isotopies supported near L. Given an ele- 
mentary Lefschetz fibration, the monodromy of the symplectic fibration dE — > dD{r) 
is in the same Hamiltonian-isotopy class as the Dehn twist about its vanishing cycle. 

Our aim here is to explain how these ideas generalise to symplectic Morse-Bott fibra- 
tions. For the most part, the generaUsation is straightforward (and was known to Seidel 

'The nomenclature is not standard but there does not seem to be a generally accepted term 
for these objects. Some other names that have been used, such as 'symplectic bundle', are not 
really accurate. Some authors insist on normalisation conditions, but these are irrelevant here. 
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circa 1998 — unpublished notes). There are two new points. One concerns Hamilto- 
nian deformation invariance of the vanishing cycles, which can be efficiently handled 
using a lemma of Wei-Dong Ruan concerning deformations of fibred coisotropic sub- 
manifolds. The second point, which requires some work, is how to deform to a 
two-form which is of a standard kind in some tubular neighbourhood of E^"^ . Such an 
isotopy is an essential step in computing the symplectic monodromy of (£", vr, The 
strategy — making a preliminary deformation so as to make manageable along 
itself — is my implementation of a suggestion of Paul Seidel, and I am grateful for his 
advice. 

Notation. We collect here our customary notation concerning (elementary) symplectic 
Morse-Bott fibrations (£'^"+^, tt, J7,/o j'o). We write 

• M for the smooth fibre 7r~'(r), M for the critical manifold C 7r~'(0); 

• Lo (resp. w) the restriction of to M (resp. M); 

• A'^ for the normal bundle Nj^i^ —>■ M; 

• y C M for the coisotropic vanishing cycle; this comes with a submersion 

• V C (M, —Lu) X (M, Lo) for the graph of p (the Lagrangian vanishing cycle). 

• T^E C TE is the vertical tangent distribution ker(D7r); T^E is the -horizontal 
tangent distribution (defined on E\ E^^^). 

2.2 Preliminaries 

2.2.1 Tubular neighbourhoods 

Let (f"-^""*"^, vr, f],7o Jo) be a symplectic Morse-Bott fibration with critical locus M := 
£''^"' and rank k. To simplify the notation, we will assume in the present discussion that 
there is a single critical value s ^ S. Choose a holomorphic chart ^ : (D(r), 0) (S, s). 

The normal bundle N ^ M is a. complex vector bundle of rank k + I (it carries a 
complex structure Jq obtained by linearising Jq). It has a natural non-degenerate 
complex quadratic form, the Hessian form of vr, so its structure group is reduced to 
0{k+ 1,C). 

Definition 2.3 A Morse-Bott tubular neighbourhood for M is a smooth tubular 
neighbourhood embedding l: DJ^Ij^jg E such that, for each x G M, (i) the map 
Lx : DJ<lx — > £■ is {Jq , /o)-holomoiphic; (ii) /,*r2 is a Kahler form; and (iii) D^~' o vr o 
L : D^N — > C is equal to the Hessian form . 
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Lemma 2.4 A Morse-Bott tubular neighbourhood always exists. 

Proof By assumption, there is a family of holomorphic normal slices 5^ C E through 
X E M, foliating a neighbourhood of M, such that 0,\S_x is Kahler. Shrinking the Sx 
if necessary, we may suppose that they define a locally trivial fibration in which the 
fibres are complex manifolds biholomorphic to a ball B^"{0; e) C C" . 

The holomorphic Morse lemma implies that, for fixed x G M, there is a holomorphic 
embedding 4^ D^Nx —>■ Sx, mapping to 0, such that D^~^ o -k o l' = Hx- Moreover, 
the parametric (or Morse-Bott) version of the lemma says that we can find a smooth 
family of such embeddings as x ranges over a ball B C M. 

Fixing X again, any other such embedding differs from l[. by an element of 0(Hx), 
since the only holomorphic automorphisms of the ball which preserve a non-degenerate 
quadratic form are its orthogonal transformations. We can pin down Lx uniquely by 
saying that the derivative DqLx '■ Nx — > TxSx = Nx should be the identity map on A'^ 
(this is in any case part of the definition of a tubular neighbourhood embedding). The 
maps ix then depend smoothly on x, for over the ball B C M they evidently differ 
from the initial choice x i— > i[- by a smooth gauge transformation. □ 

Remark 2.5 The normal bundle p: N ^ M has a totally real subbundle = {v G 
: (D27r)p(,,)(v,v) G M} which, like N itself, carries a non-degenerate quadratic 
form. Thus the structure group of N is reduced to 0{k + 1) C 0(^ + 1 , C) ; there is a 
principal 0(k+ 1) -bundle P ^ M (the orthonormal frames of NM.)and an isomorphism 

2.2.2 Symplectic associated bundles 

One way to construct associated bundles in the symplectic category is the following 
(compare e.g. Guillemin-Sternberg [9, example 2.3] or the useful discussion in Seidel- 
Smith [27, section 4.3]). Take a Hamiltonian action of a compact Lie group G (with 
Lie algebra g ) on the symplectic manifold (F, Q , generated by the moment map 
/x: f ^ 0*, so dfiiO = —I'iX^X for ^ G g. Suppose p: P ^ B is a principal 
G-bundle over a smooth manifold B. Choose a connection one-form a G Q^{P;q). 
PulUng back a G r2'(f ;g) and /i G Q,^{F;q*) to the product P x F and contracting 
via the pairing g* g ^ M results in an ordinary one-form {fi,a) G ^^(P). The 
two-form 

d{n, a) + C G ^^{P X F) 
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is invariant under the action of G on P x F given by g • (x, z) = {x ■ g~ ,g ■ z), so 
it descends to the associated bundle P Xq F. It is closed, and non-degenerate on the 
fibres of P x ^ f — > B . If cj is a symplectic form on B then 

(5) Q:=p*id + d{n,a) +C (^^\P XgF) 

is symplectic in an open set = P Xq fi~^{B^) d P Xq F when C g* is a ball 
of sufficiently small radius e. This becomes appai^ent as soon as one writes down 
the value of on a pair of tangent vectors: take U2) € Tp(^x)B and lift them to 
a -horizontal vectors {u\,u\) G TpP. Choose vertical vectors (vi,V2) G T^F. Then the 
vectors + v,- G T[x,z](P ><G^) satisfy 

n{u\ +vi,u\ + V2) = ui{ui , U2) + if^iz), da(u\ , U2)) + C(vi , V2). 

We call n G ^^{U^) an associated symplectic form. 

A case to keep in mind is f = C*"*"^ , with G = 0{k +1) acting linearly. The moment 
map is /i: C''+' o{k+l)*, /i(x) = 1-^ ^(x, ^x)), so /j.~'(0) = {0}. Its associated 
symplectic forms 

(6) Q = p*uj + d{iJ,,a) + uj£n+i. 
will appear periodically in this paper. 

2.3 Vanishing cycles 

In a symplectic Lefschetz fibration (E, vr, il) , one associates with a path 7 : [a,b] — > 5 
leading to a critical value its vanishing cycle. This is a Lagrangian sphere in E^^a) ■ 
In a symplectic Morse-Bott fibration, the vanishing cycle is rather a Lagrangian 
correspondence between Ey(a) and the singular locus in E^(^h) . 

2.3.1 Symplectic parallel transport 

As observed above, an LHF (£", vr, f]) has a natural connection: the horizontal subspace 
T^E C TxE is defined to be the set of vectors u such that L{u)fl is zero on T^E. 
The connection is symplectic is the sense that any horizontal vector field h satisfies 
= 0. When vr is proper, the connection can be integrated over any smooth path 
7 : [a,b] ^ S in the base, so 7 has a parallel transport map 

a symplectomorphism between the fibres. 
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Now suppose that (£", vr, Q) is symplectic Morse-Bott. Parallel transport obviously 
still make sense for paths in the open set of regular values S^*^^ C S. If 7: [a,b] S 
is a path satisfying 7" '(5"") = {b}, define 

(7) V^ = {xe Ea : lim G E'"'}, 

the set of points for which the limiting pai^allel transport exists and lands in the singular 
locus of Eh ■ Put M = Ea and M = E^'^^ n Eh , and denote by p the limiting parallel 
transport map — > M. 

Lemma 2.6 C M is a submanifold and the map p: ^ M a smooth fibre 
bundle. The fibres are spheres S'^ , where k is the ranJc of (£", vr). The structure group 
of p is reduced, in a canonical way, to 0(k + 1), via an isomorphism of with the 
unit sphere bundle in N^. ■ 

Proof See [26, Lemma 1.13]. The only difference is that we must use Morse-Bott 
tubular neighbourhoods instead of holomorphic Morse charts. □ 

Notice that there is even a well-defined parallel transport map p-^: Ea —>■ Eh, the 
pointwise limit of pj\[a,b'] as Zj' — > ft from below. Consequently, an elementary 
symplectic Morse-Bott fibration deformation-retracts to its critical fibre. 

The fibre bundle p: Vy —>■ M, together with its reduction to 0{k +1) and embedding 
V-y — > M is called the vanishing cycle associated with 7. 

The restriction of the to V^y is also the puUback of from the critical set: 

(8) P*{^\M) = n\Vy. 

This follows readily from the fact that the parallel transport maps Py\[afi symplectic. 

The symplectic complement of TY^ is ker(Dpj) C TV^ . The fibres of p are isotropic 
spheres. Thus Vy is a fibred coisotropic submanifold of M : TVy contains its own 
symplectic complement, and the isotropic foliation of is a fibration: each leaf F 
has a neighbourhood diffeomorphic to F x 5^""*^ by a diffeomorphism which takes 
the isotropic foliation to the product foliation with leaves F x {z} . 

2.3.2 Good two-forms 

It is sometimes convenient to have at one's disposal a space of two-forms, not neces- 
sarily closed, which have well-defined vanishing cycles in the smooth (not symplectic) 
category. We therefore make the following ad hoc definition. 

Consider a symplectic Morse-Bott fibration (E, it, JIqi-^o Jo)- 
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Definition 2.7 Fix a Moise-Bott tubulai^ neighbourhood N of £''^"' , and consider it 
as an associated C*^+' -bundle of a principal 0{k + 1) -bundle p: P ^ f"™'. Fix also 
an almost complex structure J on E, extending Jq, such that Dvr o 7 = i o Dvr, tamed 
by ilo- A two-form Q is good if (a) it is non-degenerate on T^E (and so defines a 
connection away from E™^); (b) it is an 'associated form' p*uj + d{fi, a) + to^k+i on 
N, as in formula (6) above; and (c) it 'tames' /, i.e. Q{u,Ju) > when m / 0. 

So a is a connection one-form on P; the moment map for 0(^ +1) acting on C'^"'"' ; 
and Lu a non-degenerate (but not necessarily closed) two-form on £''^"' . 

Parallel transport is well-behaved for a good two-form Q, (the only potential problem 
is near the critical set, and there it is the closed forms d{fi, a) +tj£.yi+i which control the 
transport, so everything works as usual). It therefore defines a vanishing cycle which 
is an S'^ -bundle over i"™' . 

Lemma 2.8 Once the tubular neighbourhood and J are fixed, (i) the space of good 
forms is contractible, hence any two vanishing cycles are smoothly isotopic; (ii) if one 
has a good form ^2 defined on an open subset U of E containing N, and if U' CC U 
is an open set whose closure Ues within U, then there is a globally-defined good form 
which agrees with Q on U' . 

Proof The space of good forms is convex, which gives (i). For (ii), we can patch 
locally-defined forms; the patching works because of the taming condition. □ 

2.3.3 Hamiltonian deformations 

A solution to the infinitesimal deformation problem for fibred coisotropic manifolds 
has been given by W. Ruan [23]. 

Let (M, Lo) be a symplectic manifold, and Vq C M a. fibred coisotropic submanifold. 
Let (Mo, u^o) be the reduced space of isoti^opic leaves, and po: Vq ^ Mq the quotient 
map. 

Given an isotopy {Vr}?e[0,i]> one chooses diffeomorphisms : ^ Vt covering 
diffeomorphisms (pt : Mq — > Mf of the reduced spaces. Let Xt = (pt be the generating 
vector fields on Vt, and put j3t = ''(XtXujlVt) . Then for any vector field Y, on Vt 
tangent to the isotropic distribution, one has L{Yt)Cx,iuj\Vt) = 0. But L(Yt)Cx,iio\Vt) = 
L{Y,)dL{Xt){uj\Vt) = i{Yt)dPf Thus both LY,dPt and CY,d/3t = diY,dPt = vanish. 
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Hence d(3t = p*^t for closed two-forms 7^ G r2^(M,). It follows that (l>*[jt represents 
a class 

(9) G//°(Mo;Wi), 

where TO is the natural local system on Mq with fibres TL], = {p^^^ {x);W) . Let us 
call the class (9) the flux of {{Vt, ■ 

Ruan shows that the isotopy {Vt\ is symplectic — that is, it is induced by a global 
symplectic flow on M — if and only if 5[(t)*l3t\ = for each t, where 5 : //°(Mo; Ti-^) ^ 
H^{Mq; W) is the Leray-Serre differential. He also proves the following lemma; we 
take the liberty of reproducing the proof. 

Lemma 2.9 (Ruan [23]) { Vt} is a Hamiltonian isotopy if and only if the i?ux /?/] 
is zero for all t . 

Proof Necessity is clear. For sufficiency, observe that the vanishing of /3/] means 
that there are functions Kf G C°°( V^) such that dKt — Pt vanishes on the isotropic fibres 
of Vt . For any vector field F, on Vt which is tangent to the isotropic distribution, we 
have L(Yt){dKt - [it) = 0, and CyXdK, - (3,) = -i{Yt)df3t = 0. So dKt - /?, = p*(3[ for 
some I3[ G Q}{M). Now, (3', = L(Zt)u! for a vector field Z, along Vt which is tangent 
to Vf Let = Xt — Zf. Integrating X^, one gets a new flow (/)^: ^ Since 
l{Xi)lo = dKt , (p'f globalises to a Hamiltonian isotopy. □ 

We apply the lemma to the vanishing cycles of {E, vr, O) for varying Q . Let 7 : [0, 1] — > 
5 be a path in the base, with 7"^'^™') = {!}• Let M = 7r"^(7(0)) be the smooth 
fibre, M C 7r~^(7(l)) the critical manifold, and V C M the coisotropic vanishing cycle 
associated with 7 . Parallel transport defines an S'^ -bundle p: V ^ M with isotropic 
fibres. One can also identify this map with the quotient map to the reduced space of 
isotropic leaves in V. 

Consider a path il, of two-forms on E, each making vr a symplectic Morse-Bott 
fibration, such that dQ/dt is exact for all t. Suppose additionally that 0^ is constant 
on M and on M. Let (Vt, pt) be the vanishing cycle associated with 7, defined via $7,. 

Lemma 2.10 There is a Hamiltonian isotopy t ^ ^ Ham(M, uj) with $,(Vo) = Vt- 

Remark 2.11 The folowing proof applies for any k; however, when k > I, the result 
follows immediately from Ruan 's lemma, since 
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Proof Consider the 'thimble' Wt d E associated with the path 7 and the form 0, , i.e. 
the closure of the manifold swept out by via -parallel transport along 7. We may 
assume (by adding a form pulled back from the base) that Of is symplectic on E. Then 
Wt C {Et, Q.,) is fibred coisotropic, and its isotropic fibres are {k + 1) -disks. Choose 
diffeomorphisms Wo — > Wt covering the identity map on M, with generating 
vector field X, = along W,. Let q, = t(X,)0, G ^\Wt). Then ^*a, has a flux 
e H^{M;n^). But the fibre is H\D''+^;W) = 0, so is the zero local 
system and [<I>*a,] = 0. 

Now, $f restricts to Vq = dWo to give a diffeomorphism (fit: Vq Vt, generated 
by the vector field Yt = Xt\Vt. Put Pt = <Yt)uj. The flux [4>*Pt] lies in H^{M;K}), 
where the fibre of the local system /C' is H^iS'^; M). It is the image of of [<&*Qr] under 
the natural restriction map, and is therefore zero. The result now follows from Ruan's 
lemma. □ 



There is a useful repackaging of this result in the language of fibre bundles, which 
allows us to dispense with the assumption that the path O, is constant on M and M. 

Suppose that M — > [0, 1] is a fibre bundle, and ( G 0^(M) a closed, fibrewise- 
symplectic form. Let V C M be a sub-bundle such that the fibres Vt C M? ai^e fibred 
coisotropic. There is then a bundle M — > [0, 1] of reduced spaces, and a quotient map 
p: V ^ M. One has the easy 

Lemma 2.12 The following two conditions are equivalent: 

(1) V is coisotropic; moreover, C\V = p*( for a closed two-form ( on M; 

(2) the sub-bundle V is preserved by the (-parallel transport maps over intervals 
[a,b] C [0,1]. 

When this happens, we shall simply say that V is 'globally coisotropic'. 

The (^-parallel transport cpt'. M, Mo over [0,t] trivialises the symplectic fibration 
M — > [0, 1]. The fibre {M,uj) = (Mo,cl'o) contains coisotropic submanifolds iptiVt) 
which are easily seen to be Hamiltonian isotopic. Conversely, if Vt C (M, w) are 
coisotropic submanifolds which are Hamiltonian isotopic, then IJrG[0 i] x {t} C 
M X [0, 1] is globally coisotropic with respect to a closed form of shape lo + d{Htdt) 
onM X [0,1]. 

Choose a connection V on V ^ [0, 1] , and define /3 G S7'(V) by 

13 = i{d) - d,)n. 
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Here df is the vector field of $7 -horizontal lifts of 5, along V, and 0, the field of 
V -horizontal lifts of dt, tangent to V. (If V were globally coisotropic, we could define 
V to be the connection obtained from by restriction, and /3 would be zero.) Then /3 
defines a flux 

(10) [/3] G//°(M,Wi), 

where is now the natural local system on M with fibres Hi = H^(p~^(x);W). 
To see this, simply observe that -parallel transport trivialises M and reduces the 
situation to the one already considered. 

Proposition 2.13 If [j3] vanishes, we can find a different closed two-form (' such 
that C — C vanishes on the fibres, for which V is globally coisotropic. 

Proof This is Ruan's lemma, translated into fibre bundle language. □ 

Let us apply this to families of vanishing cycles: 

Lemma 2.14 Suppose that E is equipped with two-forms Qg, s [0,1], each making 
(E, TT, Qs) ^ symplectic Morse-Bott fibration, and that the are the restrictions of a 
closed two-form ( on E x [0, 1] . Then the forms ujg = Q\E\ are the restrictions of a 
closed two-form rj G Q^(M x [0, 1]) such that the union of the coisotropic vanishing 
cycles, 

^= U V,x{s}cMx [0, 1] 

iG[0,l] 

is globally coisotropic. Moreover, we can take rj to equal (\M x [0, 1] outside a small 
neighbourhood of V . 

Indeed, our previous argument shows that the flux vanishes. 

Remark 2.15 We can also allow the base to be rather than [0, 1] . Any LHF 
(M — > S\ ri) is isomorphic to the mapping torus of its monodromy. A mapping torus 
is a bundle T{(j)) obtained from a symplectic automorphism cj) G Aut(M, uj): 

T(0) = (Mx [O,1])/(0(^),O) ~(^,1). 

This space maps naturally to 5' . The two-form is lo^, the unique form whose puUback 
to M X [0, 1] is the puUback of lo from M. IfV is a fibrewise-integral-coisotropic sub- 
bundle whose flux vanishes, we can replace lo^ by a form of shape lo^ + d(t AHf) which 
makes V globally coisotropic. Notice that the replacement form is cohomologous to 
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2.4 Fibred Dehn twists 

Neither this subsection, nor the next, is required for the definition of Lagrangian 
matching invariants. 

Seidel explains in [26, section 1.2] that the symplectic manifold (T* S" , d Xcan) caiTies 
a distinguished class of compactly supported symplectomorphisms, the model Dehn 
twists. Define 

(11) n = {h e C°°(]R, R) : /j is even and h{t) = - \t\/2 for t > 0}. 

The model Dehn twist 5^ is an automorphism associated with an element h ^ H. The 
map H —>■ Autc(T* S" , d Xcan) , h 5/,, is constructed as follows. 

There is a Hamiltonian -action on T*S"\S" , generated by the moment map /i(v, ;c) = 
I v|, where |-| is the norm inherited from on T*S" = {iv,x) G M"+ixM"+i : \x\ = 
1, {v,x) = 0}. The Hamiltonian functions Hi = h o fi, = Poisson-commute; 
hence = ' o (f)f'- . The model Dehn twist 6h is defined (on T*S" \ S") to be 

the time-27r Hamiltonian flow 4>2^^^' = 4>^^ ° 4>^l- Because h is a smooth function 
of r, Hy extends smoothly over the zero-section S" , and its flow is trivial there; (/^j^ 
also extends smoothly over the zero-section, where it acts as the antipodal map. Thus 
5h G Autc(r*5", (iAcan), and (5^(0, x) = (0, —x). Since Ti is is convex, 5/,/ differs from 
6h by a canonical, compactly supported Hamiltonian isotopy. 

Now consider a principal 0{n + 1) -bundle p: P ^ M. The linear action of 0{n + 1) 
on S" induces an action on T*S" , which is Hamiltonian with moment map v. We can 
form the associated bundle T = P Xo(n+i) T*S" , with associated closed forms, 

defined via connection one-forms a G f]'(P;o„+i). If ci; G Q,^{M) is symplectic 
then cu := p*Ld + td{Xcan + {t^, a)) G 0.^iT) is symplectic on a neighbourhood of the 
zero-section U = P Xo(,j+i) T*S"^-)^. 

The moment map ^ G C°°{T*S" \ S") globahses to a map fip G C°°{T \ M). Given 
/i G "H, we can form H\ = h o /ip, as well as H2 = /Up/2. Let Tiy = {h G 
7i : supp(//i) C U} . Given h G H-u, we can consider the w -Hamiltonian flow 
'■— ^2n^^^ ^ ■ The vertical vector field X//, , given on each fibre as the dXcan- 
Hamiltonian vector field of //, , is easily checked to be the global a; -Hamiltonian vector 
field of Hi. Hence the flow 027^ ' preserves the fibres of p. Thus is just the map 
obtained by applying 5h to each fibre, and as such it is globally smooth, with proper 
support inside U . 

To sum up, we have: 
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Lemma 2.16 There is a map Tiu — > kui{U,uj), h ^ 6jl , such that (i) Sjl covers 
the identity map on M ; (ii) 6h has proper support inside U; (Hi) 6^ acts on the zero 
section P xo(,i+i) S" as the antipodal map [p, x] i— > [p, —x] ; and (iv) 5^, is canonically 
Hamiltonian isotopic to 6jl . 

We call Sjl the model fibred Dehn twist associated with h on the associated bundle 

P XO(;i+l) T*S". 

Model fibred Dehn twists as monodromy maps. Model fibred Dehn twists arise as 
monodromy maps for certain symplectic Morse-Bott fibrations over the disc. Actu- 
ally this cannot literally be true, because according to our definition, the fibres of a 
symplectic Morse-Bott fibration are closed manifolds. However, there is an obvious 
extension of the definition to allow fibres which have boundary (similar to that of 
Lefschetz fibrations in [26]) where the total space has a codimension-two comer where 
the 'horizontal' and 'vertical' parts of the boundary meet. 

A basic example of a Lefschetz fibration (Er, n, uj£„+i , /o Jo) in this broader sense is 
the following from [26, Lemma 1.10]: let 

(12) E,- = {zeC"+' ■.\q{z)\<r,\\z\\'-\q(zf <4X^}, q{z) = Y.zl 

i 

This maps to the disc D(r) by vr := q\Er. The complex structures are the standard 
ones. 

Lemma 2.17 (Seidel) There is an 0(n + I) -invariant one-form a, supported in 
Er n {z : ||z||^ — k(z)P > 3A^} such that the following holds. There is a canonical 
isomorphism (p : (E^, m^n+i +da) — > ((r*5'")<Ai dXcan), and the (positive) monodromy 
p of (Er, LO£„+i + da) around dD(r) has the property that o p o is a model Dehn 
twist. 

The orthogonal group 0(n + 1) preserves E C C"''"' and preserves the fibres of ^7, so 
we can form an associated bundle Ep := P Xo(n+i)£' —>■ M and a map qp: Ep D(r), 
[p,z] 1-^ q(z). A choice of connection a on P gives an associated two-form 

:= p*oj + C + d{a, u), 

which, if we choose A and r small, is symplectic on Ep. The fibre (Ep)r = qp^(r) is 
also a bundle over M. Moreover, the map cp: Er ^ (T*S")<x is 0(n + l)-equivariant,'^ 

''This follows from the interpretation of as a symplectic parallel transport map, [26, 
Lemma 1.10]. 
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hence (j)p : (£'p)r P Xo(n+i) T*S"^^ , [p, z] i-^ [p, is well-defined and pulls back 
uj = p*Lu + d{v, a) + dXcan to the restriction of Q,. 

Thus we obtain the 

Lemma 2.18 There is a canonical isomorphism 

Moreover, the monodromy pp of Ep around dD(r), taken in the positive direction, has 
the property that (f)p o pp o (pp^ is a model fibred Dehn twist. 

2.4.1 Fibred Dehn twist along a coisotropic sphere-bundle 

The model fibred Dehn twists, and the standard fibrations Ep, can be transplanted into 
other manifolds. 

Suppose given 

• symplectic manifolds {M^",uj) and {M^"~^'' , Co) ; 

• an orthogonal S'^ -bundle p: V M; 

• a smooth, proper embedding e: V ^ M such that e*LU = p*Lu. 

From these data, one immediately obtains a Lagrangian coiTcspondence — the graph of 
P- 

(13) V := {(x,px) -.x^VjciM, -lo) x (M, w). 

Moreover, one can construct (a) an automorphism Ty G Aut(M,u;), the fibred Dehn 
twist along V, supported in a tubular neighbourhood of V, and determined up to 
Hamiltonian isotopies also supported in a tubular neighbourhood; and (b) a symplectic 
Morse-Bott fibration (£'y,7r,0) over the disc D(r) such that 7r~^(r) = {M,uj). The 
monodromy of Ey around dD{r) is a fibred Dehn twist along V. 

The construction for (a) is as follows. The submanifold e{V) C M is coisotropic, for 
the annihilator of e^{TxV) in Te(x)M is \itr{DxP) C e^iT^V) (the inclusion ke.x{Dxp)) C 
e^{TxVy is clear, and equality holds by a dimension-count). 

Let T\ = Pv Xo(k+\) (T*S'')<x, where pv' Py ^ M h the principal 0(A: + l)-bundle 
of orthogonal frames. The zero-section gives an embedding e' : V ^ Tx, and with the 
symplectic form lo' = pyCu + d{p,a) + dXc^n, this is a coisotropic embedding with 

e'*LO = e*ijj. 
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The coiso tropic neighbourhood theorem tells us that, near e{V), uj is determined up to 
symplectomorphism by e*uj. Hence e extends to a symplectic embedding e: T\ ^ M 
for some A > (unique up to Hamiltonian isotopies acting trivially on e{V)). 

We define ry by Tv{e{x)) = e{5^^^{x)) for a function h & 7i. Since this is supported 
inside im(e), we may extend it trivially over M. Though ry depends on the choice of 
embedding e, it its Hamiltonian isotopy class does not, and we shall imprecisely refer 
to 'the Dehn twist ry'. 

For (b), we again make use of the standai'dising embedding e. Let Mq be the closure 
of M \ im{e) . We define 

Ev = (Mo X D(r)) U$ Ep 

where the gluing map <I> identifies the 'horizontal boundaries' of the two pieces. In 
doing so it must marry both the projections to D(r) and the two-forms. (On Mq x D(r) 
we use the trivial projection and the two-form which pulls back lo.) A suitable map 
$ is constructed by Seidel [26, Lemma 1.10] in the case M = {pt.}. It is 0(^ + 1)- 
equivaiiant, and can therefore be applied to associated bundles. 

2.5 Monodromy 

We now bring together the two threads of the discussion — vanishing cycles and fibred 
Dehn twists — by proving the following. 

Monodromy theorem 2.19 Let {E, vr, 0) be an elementary symplectic Morse-Bott 
fibration over D{r), with smooth fibre M := Er, critical set M = S™', and vanishing 
cycle p: V — > M. Then the monodromy pE G Aut(M, 0|M) is Hamiltonian-isotopic 
to the fibred Dehn twist ry. 

Here we have to do a little more work in generalising from symplectic Lefschetz 
fibrations to symplectic Morse-Bott fibrations (though the existence of Morse-Bott 
tubular neighbourhoods is already a useful preliminary step). 

The theorem is a consequence of the following technical result. 

Proposition 2.20 Let (E, vr, Q, Jo, jo) be a symplectic Morse-Bott fibration with crit- 
ical manifold M = E™\ equipped with holomorphic charts near 5'^"' and Morse- 
Bott tubular neighbourhood r: D^N E. Identify N with the associated bundle 
P Xo(i:+i)C'^^' , where P M is the principal 0{k+ I) -bundle of orthonormal frames 
of N^. Then there is a family of two-forms {Qt}teio,i] > such that 
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• VLq = Qj ; 

• Q,t tames Jq for each t ; 

• there exist one-forms at such that dUt/dt = dat, with a^K^ \ im(r)) = and 
L*at = 0; and 

• T*Q.\ is an associated symplectic form in a neighbourhood of the zero-section. 

Proof of Theorem 2.19 When we deform as in Prop. 2.20, the monodromy around 
dD(0; r) does not change, since Qt is constant over dD{0; r) . The vanishing cycle at 
time ? is a coisotropic submanifold 

V, C (M, uj). 

By Lemma 2. 10, the isotopy of submanifolds { V?} is in fact Hamiltonian: it is generated 
by a path <f>t G Ham(M, oj). Since t^,Vq = (t>t° tvq °(pr^ ' the Hamiltonian isotopy class 
of the associated Dehn twist is constant. We may therefore assume, by Prop. 2.20, that 
M has a Morse-Bott tubular neighbourhood A'^ in which Q is an associated symplectic 
form. The argument is then virtually the same as in [26, Proposition 1.15], so we 
shall be very brief. It suffices, by an argument involving radial parallel transport over 
an annulus, to show that the monodromy of a very small loop dD(er) is Hamiltonian 
isotopic to the Dehn twist. Over D{er) , one can identify the fibration with the union of 
a standard piece contained in A'^, and a trivial piece (trivialised by symplectic parallel 
transport). The result then follows from the definition of the fibred Dehn twist. □ 

Proposition 2.20 will be deduced from a lemma: 

Lemma 2.21 Let M be a compact manifold, F ^ M a real vector bundle of rank 
r with Euclidean metric g, and J an almost complex structure on the total space of 
C such that (i) J acts as scalar multiplication by i on the fibres Fx(iSiC, and (ii) the 
image of the zero-section l: M —>■ F dSiC is an almost complex submanifold. Let be 
a symplectic form on the disc-subbundle [/ = {v G F C : gc{v, v) < R} C f C, 
compatible with J. 

Then there is another symplectic form Q' on U, still taming J, equal to near dU and 
satisfying t*Q,' = but also invariant under unitary gauge transformations along 
im(i) . 

Here 'unitary' is taken with respect to the hermitian metric gc , the hermitian extension 
of g to the complexified bundle. Gauge invariance means that there is a constant 
t G R such that, for any ;c G M, if mi , M2 G T^^^^^iF C), vi,V2 G T^^^^iF (g) C), then 

+ Vl,M2 + V2) = r2'^(-,)(Ml,M2) + f Im gc(Vl , V2) . 
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Proof The almost complex structure / gives rise to a d'^ -operator on forms, d'^ = Jod. 
We can write Q as 

(14) n=p*L*n + da 

where p is the projection F ^ C — > M. Moreover, we can write a = d'^(p + where 
(j){z) = —h(z,z) for some hermitian metric h; i*dP = 0; and df5\(Fx ^ C) vanishes at 
the origin. By adding a closed one-form to /3, we may suppose that i*f3 = as well. 

We shall deal with the terms one by one. First, take a smooth, increasing function 
X: M>o M, identically on [0, 1] and 1 on [2,oo). Define xs - F <^C ^Rfor 
(5 > Oby xsiv) = xiM/S), where |-| is the hermitian metric obtained by complexifying 
g. Let 

j^i =p*L*n + dd'<i) + d{x5(3), 

so Q\ is a closed two-form which differs from Q, only near the zero-section. We 
claim that Q\ tames J, provided that S is small. Along the zero-section, J is tamed by 
p*i*Q + dd'^(p; the same is therefore true inside a disc-bundle of some small radius 6' . 
Take 5 < 6'/2. Byconvexity, 7 is tamed by the non-closed form/?* X5 1//?- 

This differs from Q,i by dxs A f3. Using the assumption that z.*/? = 0, one sees that as 
6^0, dxs A /? ^ uniformly over the 2(5 -tube. Hence, decreasing 6 if necessary, 
we find that J is tamed by f^i . 

We next modify the term dd^ cj). For this, note that there exists a smooth convex function 
/: M ^ R such that/(;c) = for a; G [-1, 1] and/(;c) = x^ + cfor \x\ > 2, such that, 
on C with its standard norm, — (i(i'/(||z||) is a non-negative form. This form equals 
zero on D^''(0; 1) and 4wc' outside D^''(0;2). Let h' = gc be the hermitian metric 
extending g , and introduce also a third hermitian metric h" = h — nh' , where k > 
is small enough that h" is positive-definite. 

Define functions f^ = efo (e~^/^/i") (here h" abbreviates z i— > h"{z,z))- Then 
dd^'{—Kh' — fe) is non-negative on the fibres, gauge-invariant near im(t), and equals 
dd'^cf) outside the disc -bundle of radius 2e. We shall prove that, for e ^ 5 and k ^ 1 , 
the form 

= - dd' cf) + dd'{-Kh' -/J 

(which differs from ^\ inside the 2e-tube only) still tames J . Setting 17' = 02> we 
will then have a form with the required properties. 

Consider tangent vectors u, of length 1 with respect to some metric (it doesn't matter 
which), attached to points inside the 2e-tube. We have 0.2(u,Ju) = p* i*Q,(u,Ju) + 
dd'^{—Kh' — f^){u,Ju). This is certainly positive when u is tangent to the fibre, so let 
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US fix a horizontal distribution H and assume tliat u . The first term, p* l*0,{u,Ju), 
is still positive when e is less than some eo, and bounded below by a constant C > 0, 
independent of e < eo- On the other hand, \{dd'^h'){u,Ju)\ < C' for a similar constant 
C' > 0, so taking k < C/2C' , we have 

C 

p* L*Q{u,Ju) + dd^(—Kh ){u,Ju) > — > 0. 
The troublesome term in i}2{u, Ju) is the last one, {dd%){u, Ju). We have 

dj, = (^{h")d'h", 
where q{t) = e/(e~^/^?'/^); hence 

dd'f, = q"{h") dh" A d'h" + q'ih") dd'h" . 

Choose an /j"-orthonormal frame (e,) for the real vector bundle underlying f C 
over a patch U C M. This triviahses the bundle, identifying it with U x M^'', and 
we may take H to be the trivial horizontal distribution. We then have dh"{u) = 0, 
so only the latter term matters. We write the i7 -coordinates as {xj). We may as 
well take u = dxj, and we can then write Ju = "^iJijdxj + J2k ^kjek- The terms in 
the resulting expression for dd'^f^{u,Ju) then involve Y^j or dYkj/dxi as coefficients. 
But both Ykj and its horizontal derivatives go to zero along the zero-section, since 
the zero-section is almost complex. This implies that (dd'^h")(u,Ju), evaluated at 
(x, Q £ U X M}'', goes to zero as ^ — > 0. Hence, if we take e small enough, we can 
ensure that \{dd'^fe){u,Ju)\ < j inside the 2e-tube, whereupon 0.2(11, Ju) > ^ > 0. 

□ 



Proof of 2.20 Replace the initial form Q by an as in Lemma 2.21. (Note that 
Q' is lineai^ly homotopic to 17, since both are /-positive). The new form 0' is 
gauge-invariant along the zero-section. 

Let id = , and let f > be the unique constant such that J7'|r^^(^^A^ = for all 
X £ M. Let q: P X C N be the quotient map. Choose a connection form a on P, 
and introduce the two-form r] = p*uj + ({uj^r +d{fi,a)) G Q,^{P x M). Besides being 
0(r) -invariant, rj tames / in some neighbourhood of the zero-section. 

We have q*Q,' — t] = dj for an invariant one-form 7 such that dj vanishes along 
im(i) . Introduce cutoff functions X8 as in the proof of the lemma, and consider the 
forms rj + dixsj)- These are also invariant, and so descend to A'^. Choosing 6 small 
enough that, within the (5-tube, rj tames /, and so that the term dxs A 7 is very small, 
we find that these forms are also tame J. Thus we may set Oi = + d{x&l) and 
O, = mi + {\ - t)Q.' . □ 
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3 Lagrangian correspondences 

3.1 Symplectic Morse-Bott fibrations from families of curves 

In this section we will study some particular symplectic Morse-Bott fibrations and 
their vanishing cycles. The key examples will be relative Hilbert schemes of n points 
on families of complex curves. 

By considering the vanishing cycles of relative Hilbert schemes, we prove the following: 

Theorem A Let (Sj) he a Riemann surface, and L C S an embedded circle. Let 
T, be the result of surgery on L, that is, the surface obtained by excising a tubular 
neighbourhood nd(L) of L and gluing in two discs. Let j be a complex structure on 
E which agrees with j outside nd(L). Using j and j, we may consider the symmetric 
products of S and of S as complex manifolds. For any n > 0, any (s, t) G IR>0' 
and any pair of Kahler forms uj G 0^(Sym"(S)) and ui G 0^(Sym"~'(E)) lying in 
cohomology classes 

{[lo], [lo]) = (sr]^ + te^^sr]^ + t9^) 
(see below) there exists a Lagrangian submanifold 

Vl C (Sym"(S) x Sym"-'(S), w © -w) 

such that 

(i) the first projection embeds Vl into Sym"(S), and 

(ii) the second projection is an S -bundle over Sym"-i(S). 

Moreover, we can construct such a Vl canonically up to Hamiltonian isotopies through 
Lagrangians satisfying (i) and (ii). When n = I (so Sym"~^(S) is a one-point set), 
Vl C Ti is Hamiltonian isotopic to L . 

In this construction, we can make Vl vary smoothly with the input data (jj, to, Co) . 

To explain the notation: for any closed Riemann surface C, there are two distinguished 
classes in //^(Sym"(C); Z), both invariant under the action of the mapping class group 
of C. They arise via the first Chern class z of the universal divisor 
2univ ^ 1^^^^) . ^ g Supp(D)} C C X Sym"(C). 

For c e H*{C; Z), let c^^^ = pr2!(prtc U z). Then 7]c = o^J^ , where oc G H^{C; Z) is 
the orientation class, and 

0c = E"f"uAt^ 
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where {a,-, /?;} is a symplectic basis of H^(C; Z). 

The theorem is a consequence of (i) the general vanishing-cycle construction of the 
previous section, together with (ii) an observation about the structure of the singular 
locus of the Hilbert scheme of n points on a nodal curve. 

Our chief concern will be elucidating the geometry of Vl ■ Its interpretation in terms 
of points on S and II is rather subtle — these are not 'tautological' coiTcspondences. 

Definition 3.1 By an elementary Lefsclietz fibration we will mean a triple (E, vr, J) 
consisting of a smooth four-manifold (with boundary) E, a proper map vr : £" — > A to 
the closed unit disc A , and an almost complex structure 7 on £ such that Duo J = iDvr . 
We require that 

(i) There is precisely one point c where vr fails to be submersive; it lies over G A ; 

(ii) / is integrable in a neighbourhood of c ; 

(iii) the complex Hessian form ^DItt : TE TE ^ <C i?, non-degenerate. By 
we mean the derivative viewed as a complex bilinear form, and non-degeneracy 
is over C . 

A holomorphic elementary Lefschetz fibration is one in which J is globally inte- 
grable. 

We have the following straightforwai^d observation. 

Lemma 3.2 (a) Given a pair (S,L), an oriented surface with an embedded circle, 
there is a holomorphic elementary Lefschetz fibration (E, vr, J) and a diffeomorphism 
6: vr~'(l) S such that 6^^{L) is, topologically, a vanishing cycle for E . Moreover, 
the construction is canonical in the sense that to specify (E, vr, 7; (5) we have only to 
choose (S,L) and a point in a contractible space. 

(b) Let {E, vr, /; 5) be as in (a). Let Eq —>■ Eq be the normalisation of the singular fibre 
Eq Then there is a canonical isotopy-class of diffeomorphisms 6: Eq ^ T,, where 
S is the surface obtained from S by surgery on L . 

"■Readers shy of algebraic geometry may wish to be reminded that the normalisation of a 
nodal curve is the resolution of singularities in which one excises a neighbourhood {(a, b) e 
A X A : fl/? = 0} of the node, and replaces it by two discs; and that this is an intrinsic (i.e. 
coordinate-independent) operation. 
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Proof (a) Let q: ^ C be the map {a,b) ^ + , and let 

U = {xeC^ : \q{x)\ < 1, - \q{x)\^ < c}. 

Let Z = {{a,b) e U : {a,b) e Va^ + b^ R^} . Then the map ^:?7\Z^Aisa 
holomorphic submersion, and its fibres are biholomorphic to A* II A* ; it is therefore 
a trivial holomorphic fibre bundle. 

To build {E, vr, J) one glues the standard piece i7 to a trivial fibration A x (S \ A) A , 
where A is an annular neighbourhood of L, via a holomorphic trivialisation of U\Z. 

The data needed to set up the gluing are (i) a positively oriented conformal structure 
7 on S ; and (ii) the germ of a lift of j to a Riemannian metric ^ in a neighbourhood 
of L. These clearly form a contractible space. The metric g determines a tubular 
neighbourhood L x [— e, e] ^ S of L. Its image is biholomorphic to a closed annulus, 
uniquely up to rotations of the annulus. But an embedding of the annulus (up to 
rotation) is exactly what is needed to set up the gluing. 

(b) is an obvious consequence of the gluing construction. □ 

We now apply a moduli functor to the family (E, vr, J) to obtain a new family. Two 
examples to keep in mind are: 

(1) The Hilbert scheme of n points on E relative to S. Its fibre over 5 / is 
Sym«(£,). 

(2) The Picard fibration of degree n . Its fibre over 5 7^ is the Picard variety 
Fic"(Es) parametrising holomorphic line bundles of degree n. The zero-fibre 
is the compactified Picard variety of £"0 , parametrising torsion-free sheaves of 
rank 1 and degree n. (Here we require tt to be proper.) 

The latter two examples are usually constructed as GIT quotients of certain Hilbert 
schemes. 

In these examples, the total space is non-singular. These are smooth, projective 
varieties relative to the base. The critical fibre has normal crossing singularities, and 
the structure of the normal crossing divisor can be related to moduli spaces of objects 
on the normalisation £"0- In the first two examples, the normal crossing divisor is 
itself smooth, so the relative moduli space has a structure of symplectic Morse-Bott 
fibration. 

There are also relative moduli spaces when the central fibre has more than one node, 
but these will typically not be globally smooth. 
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It is the Hilbert scheme example which will be developed in detail here, since this is 
the one which will lead to Seiberg-Witten-like invariants for broken fibrations. The 
Picard fibration is briefly considered. 

When TT is proper, one would like to add as a third example a suitably compactified 
moduli space of stable bundles of rank two and odd degree d on E relative to S. How- 
ever, this is tricky. First, there is a question about whether to fix the determinant; in the 
algebraic geometry literature one typically does not. There is Gieseker's construction 
[8], in which using bundles over semistable models for the nodal curve, in which the 
special fibre has non-smooth normal crossing singularities. Pandhaiipande [19] takes 
a different approach, involving torsion-free sheaves (see also Nagaraj-Seshadri [16]). 

Remark 3.3 In view of the complications in ttie algebraic geometry of moduli of 
stable bundles, it may be simpler to work with their gauge theoretic counterparts. 
Take a compact oriented surface E, of genus g > 2, with one boundary component. 
Consider the moduli space M(S) of flat S\J (2) -connections which restrict to a fixed 
connection Aq on the boundary, with holgx; ^^o = — 1 , modulo gauge transformations 
fixing Aq . This is smooth of dimension 6g — 6, and the mapping class group of (S , 9S) 
acts on it. 

Callahan (unpublished thesis draft) showed that the action of a Dehn twist about a 
(non-contractible, non-boundary-parallel) separating circle 7 is a rank 1 fibred Dehn 
twist. Seidel (also unpublished) showed that when 7 is non-separating, the action is 
by a rank 3 fibred twist. In this case the vanishing cycle corresponds to fixing the 
conjugacy class of the holonomy holy , and one can identify the reduced manifold with 
the corresponding moduli space M(S) for the surgered surface. 

Thus, instead of building a Lagrangian correspondence via a symplectic Morse-Bott 
fibration (as we shall do for symmetric products ), one can here reverse the process, first 
writing down the correspondence and then building a symplectic Morse-Bott fibration 
from it. 

3.2 Lagrangian correspondences via degeneration of symmetric products 

We construct Lagrangian correspondences between symmetric products, first in a 
special case where we can make things explicit, and then in general. The special 
case makes it clear that these correspondences do not have any simple 'tautological' 
interpretation in terms of points on the surfaces themselves. 
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3.2.1 A genus-zero example 



There is a simple construction of a Lagrangian correspondence 

(15) C ( Sym"(5^) x Sym'^^H-S"^ U S^), (-wrO ® u') . 

Here ujpn is the Fubini-Study form on Sym"(5'^) = P", and lo' = |J^ Lo^k-i © Wpn-j on 
Sym''-^^^ U S^) = ULi IP*^"^ X I"""*'- 

Let a„ jt designate the diagonal action of on complex projective space P" with 
weights 

(l,..^.,l -h...,-l) , k€{l,...,n}. 

k n-k+l 

The action a„^k preserves the Fubini-Study form wpi , and is moreover a Hamiltonian 
5' -action, generated by the moment map ,t : P" ^ M given by 

^ , , {\Z0? + --- + \Zk-l?)-{\Zk? + --- + \Zn?) 
Qn,k{Zi): ■■■ Zn) = , II • 

2tt\\z\\^ 

There is a natural identification of the reduced space C^l{0)/S^ with 

(16) (P*^-^ X P"-^cjpA-i ©wp,^*), 

To see that the identification is valid symplectically, note that there is an action of 
P(U(it) X U(n - it + 1)) C PU(?i + 1) on P" which commutes with the 5^ -action. 
The symplectic form on the reduced space must be invariant under this group, and is 
therefore a multiple c(u;pA-i © uj^n-u). 

The quotient map : CnlC^) C,7/t(0)/ U(l) is identified with the unit circle bundle 
in the line bundle 0(1) Kl 0(— 1) (the tensor product of line bundles pulled back 
from the respective factors). The Duistermaat-Heckman formula [6] implies that, for 
f G (— 1, 1), the cohomology class of the symplectic form on C,^l{t)/S^ varies linearly 
with t, with slope (—1,1), and from this one can read off that c = 1 . 

It follows from the elementary properties of symplectic reduction that the graph 

l^n,k = {{x,qkx) : Cn,k{x) = 0} C (r,-wp„) X (P'^-i X P"-^u;pA.-l ©wp,,-.) 
is Lagrangian. Set L„ = IJ^=i ^n,k- 
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3.2.2 Vanishing cycle interpretation 

The Lagrangian con-espondences L„ in the previous example can be interpreted as 
vanishing cycles for a degeneration of P" . We will give this degeneration as an explicit 
family of projective varieties Ji^"^ — > C; however, we should explain its geometric 
origin. We interpret P" as Hilb"(P'), the Hilbert scheme of n points (pai^ametrising 
ideal sheaves 1 C Opi of finite colength n). Given a degeneration of P^ to a nodal 
curve, we may consider its relative Hilbert scheme of n points. Specifically, we 
consider the family P' x C ^ C obtained by blowing up P^ x C at ((1 : 0),0), 
and the associated family Hilbc(P' x C) ^ C. This is a degeneration of Hilb"(P^). 
Explicit equations for the relative Hilbert scheme were given by Ran [22] ; the variety 
is Ran's model for Hilb^(P^Tc). 

Define a sequence of complex surfaces X„ , « > 2 , as follows. 

• X2 = P' X A, where A is the closed unit disc. 

• For n > 3, 

X„ c Pi X ••• X pi_i X A, 

where P- is a copy of P' . It is the subvariety cut out by the equations 

(17) biUi+i = taibi+i , /= 1 2 

with (a,- : bj) homogeneous coordinates on P- and t the coordinate on A . 

The projection onto the last factor, X„ — > A, has non-singular rational fibres over 
points in C*. The zero-fibre is, for « > 2, a chain of « — 1 rational curves. One can 
obtain X„+i from X,, by blowing up a point in the last curve in the chain. 

Now, define 

r^[n] (3 p« X P" X Xn 

to be the subspace defined by the equations 
aiyn = tbiyo; 

(18) Xibiyo = jn-iUiXo, / = 1, 1; 

where {xq : • • • : Xn) and {y^ : • • • : j„) are homogeneous coordinates on the two P" 
factors. 

It is routine to verify the 

Lemma 3.4 (1) JC'''^ is a complex manifold of dimension n + I. 
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(2) Let TT : "K^"^ ^ A be the projection map. Then, for ? G C* , projection onto the 
first F" -factor gives an isomorphism TT^^{t) = F" . 

(3) The critical set ^{["i := crit(7r) C :K^"^ is a complex submanifold of codimen- 
sion two, contained in 7r~'(0). Moreover, 3-Cj.'^\ is naturally biholomorphic to 



(4) Near any point in crit(7r), vr is holomorphically modelled on the map {zo, . . . ,Zn) 
ZqZi . Hence 7r~^(0) has normal crossing singularities along crit(7r). 

We give "K^"^ the Kahler structure uj induced by the standard Kahler form on P" x 
P" X (pi)"-i X C. Then (:K", vr, to) is a symplectic Morse-Bott fibration over A. The 
vanishing cycle associated with the ray [0, 1] is a Lagrangian correspondence 



where the symplectic structure comes from a product of Fubini-Study forms as before. 

5^ -actions. Consider the diagonal 5' -action on P" x P" x (pi)""i x A with the 
following weights: 

• ((+l/;(-l)""'^+M on the first P" (for some k e {!,...,«}); 

• ((-l/; (+1)""^^+^ on the second P"; 

• (-1, 1) oneach P|; 

• OonA. 

Denote this action by A„^k. It is Hamiltonian, and its moment map is the sum of the 
moment maps of the factors. It is easy to check that A„^k leaves 'K^"^ invariant. The 
naturality of moment maps implies that the moment map Hn,k '■ 3^'"^ — > ^ for the action 
on is the restriction of the one on P« x P« x (pi)«-i x A. 

Let pt'. vr~'(l) — > 7r~'(0 denote parallel transport in Ji^"^ along the ray [t, 1]. Since 
An^k preserves the fibres of vr, we have 

d 

— {p o pt) = 0. 

Introduce the 'Lefschetz thimble', 

W = {ptix) ■.xGV,tG[0, 1]} 



U"=i X ^' 




and also 



n 



W = \J^i-l(0)nTT~\[0, 1]). 



k=i 
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Lemma 3.5 W = W'. 

Proof We have W n tt-\Q) = ?C|,^f ^ is also true that W n 7r-i(0) = :H:|,"i, as one 
can verify directly using the defining equations and the formula for the moment map. 
If ;c G with 7r(x) = f g (0, 1], then x £ W if and only if p'^^x G W for all 

s G (0, , where p[s,t\ is pai-allel transport over {s, t\ . Hence W = W' . □ 

We conclude from the lemma that there is a commutative diagram 




with pi the limiting parallel transport and qn,k the quotient map. Actually, one be 
a little more precise: the two spaces on the right can each be identified canonically 
and holomoiphically with |J P''"' x P"~*^, and under these identifications the vertical 
arrow becomes the identity map. Hence 

k 

V = U iin,k 
n=l 

where both are considered as subspaces of P" x ULi(IP'''~^ x f""-^). 
3.2.3 The general construction 

Hilbert scheme of a nodal curve. An algebro-geometric interlude is required. 

We work in the category of complex analytic spaces. The Hilbert scheme of n points 
on a complex curve C is a complex space Hilb"(C) parametrising those ideal sheaves 
X C Oc such that ^^^^ dimcCOcv/Xv) is finite and equal to n. Its characteristic 
property is that there is a coherent ideal sheaf 

Xuniv C C'Hilb"(C)xC 

on Hilb"(C) x C such that the parametrisation sends z G Hilb"(C) to /*2univ, where 
i^:C3x^ {z,x) G Hilb"(C) x C. 



The cycle map, that is, the map Hilb"(C) — > Sym"(C) sending an ideal to its support, 
is an isomorphism if C is non-singular. 
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One can consider, more generally, a family of curves X ^ S. The relative Hilbert 
scheme, Hilb^(X) ^ 5, is an analytic space with a sheaf luniv over X HilbJ(X) 
which identifies the fibre Hilb^CX), with the Hilbert scheme Hilb"(Xv), for each s £ S. 
There is a cycle map HilbJ(X) Sym^(X). 

Example 3.6 Let U = {(zi,Z2) G : IziZi] < 1}> and consider the family tt: U ^ 
A, (zi,Z2) ^ ZiZi- According to Ran, its Hilbert sctieme ¥lilb\(U) is given as follows. 
We assume n > 2. Recall the complex surfaces X„ defined in section (3.2.2). The 
Hilbert scheme is the subspace 

mh'XiU) C C" X C" X X„ 

cut out by the equations 

aiy„ = tbx\ 

Xibi=y„^iai, /= 1, 1; 

bn~\^n — t^n~\} 

where (xi, . . . ,Xn;yi, . . . y^) are the coordinates on C" x C" . (See [22] or [20] for the 
details of the universal sheaf.) 

One can give a direct construction of the Hilbert scheme of a general family of curves 
tt: X — > S over a curve S, where it has non-degenerate quadratic critical points, by 
patching together fibre products of Hilbert schemes of (zi,Z2) '—>■ Zi and of (zi,Z2) ^ 
ZiZ2- The most important case is this: 

Proposition 3.7 Suppose {E, ir, J) is an elementary Lefschetz Hbration. Then the 
relative Hilbert scheme £t"^ := Hilb"(vr) is a smooth manifold of dimension 2n + 2 
equipped with a smooth map ir^"^ : E.^"^ —>■ D. Each fibre has the structure of complex 
analytic space. The critical locus crit(7rf"]) is the singular set of {Tr^"^)^\0), hence a 
complex space, and is itself smooth. 

The normal bundle N = A'^crit(7r)/£ ~^ crit(7r) has a structure of holomorphic vector 
bundle (induced by J ), and the complex Hessian form on N is non-degenerate. 

The statement above is a little complicated because / is not assumed integrable. 
If (£■, 7r,7) is a holomorphic fibration then £^"1 is itself a complex manifold, tt^"^ 
holomorphic, and for any point x G crit(7rf"]) there exist holomorphic charts centred 
on X and on 7r^"\x) in which tt^"^ takes the form (zo, . . . , Zn) i— > ZqZ\ ■ 
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Figure 4: Schematic picture o/ Hilb~({zw — 0}). It consists of two copies of C~ and one 
of blown up at the origin. The exceptional P' is shown. The normal crossing divisor is 
isomorphic fo C U C f the normalisation of {zw = 0} ). The insertions indicate the behaviour 
of the cycle map: they show the support of the ideals parametrised by the Hilbert scheme 
(visualised on the normalisation of {zw ~ 0}, with its distinguished points marked by crosses). 

Remark 3.8 If tt: E —>■ C has two non-degenerate critical points ci and C2 in the 
same fibre ttien Hilb"(7r) is singular for any n > 2. Consider, for example, the unique 
point in Hilb^Cvr) lying over ci + C2 G Sym2(£'o) . This has a neighbourhood which is 
the fibre product of small neighbourhoods of the Ci in E. Thus it is modelled on the 
singular quadric threefold 

{{a, b, c, d) £ : ab = cd}. 

3.2.4 Global description of the Hilbert scheme of n points on a nodal curve 

The singular fibre £q"^ of the relative Hilbert scheme of an elementary Lefschetz 
fibration is the Hilbert scheme Hilb"(C) of the nodal curve C = Eq. We can give a 
global description of such a Hilbert scheme as follows. See Figure 4 for a picture of 
Hilb2(C) when C = {zw = 0}. 
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Let C be a complex curve with precisely one singular point — a node c . Thus c has a 
neighbourhood U isomorphic, as a local-ringed space, to 

Ue := {(zi,Z2 G C2 : ziZa = 0, + \z2\^ < e)} 

for some e > 0. Let v: C ^ C he. the normalisation map (so C is obtained from C 
by replacing U^^ by two discs of radius e), and let (c+,c~) be a labelling of the two 
points in v~^{c). Now consider the embeddings 

: Sym"~'(C) ^ Sym"(C), D^D + c^. 

Let S = im(i"'~) n im(/,~). Thus S is an embedded copy of Sym"-2(C). 

Define Di^^^ to be the blow-up of Sym"(C) along S. The embeddings hft uniquely 
to embeddings 

T^: Sym""'(C) ^ S^'l 
Moreover, im(p~) n im(r~) = 0. 

We now describe an analytic space . As a topological space, it is obtained from 
0<^^ by gluing im(T+) to im(T+). That is, 

(19) ?{M=5{[i'V~ 
where 

r+(x) ~ I~(;c), X £ Sym"~\C). 
Its complex analytic structure is characterised by the property that the quotient map 

is holomorphic. This map then becomes the the normalisation map, and becomes 
a complex space with normal crossing singularities. 

Lemma 3.9 There is an ideal sheaf luniv on C x "XJ^^ which makes X^"^ into the 
Hilbert scheme Hilb"(C). 

Proof 1. We begin locally near a node. The following easy algebraic lemma describes 
ideals in the local ring at a node: 

Consider the C -algebra O^i q of germs of holomorphic functions near the origin in 
<C?. Let R = 0^2 q/ {ziZi)- Then a proper ideal I C R has finite length dime ^/^ = n 
if and only if it is of the form I = Im,(a:b), where 

(20) I,n,(a:h) = (z^' , 22"'"+' , < + ^2""') > \<m<n-\, (a : b) £ . 
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The proof is left to the reader (it is, however, given in [20, section 4.3.3]). The formula 
for lm,(a:b) defines an ideal sheaf over Spec(/?) x |Jm=\ '^'^ which makes |JJJ,L\ into 
the 'local Hilbert scheme' Hilb"(/?) of ideals in R. 

2. To express this invariantly, think of R as the local ring at a node x £ C. Let C"*" , C~ 
be the germs of the two sheets of C, and G their distinguished points, mapping 
to the node x by the normalisation map n : C ^ C. Then Hilb"(^) is given by pairs 
(m, A), where m G {1, ... n — 1} specifies a divisor m[x~^] + (n — m)[x~] on C, and 

A G Pr(,+,,-)(c+ X C-). 

The local ring 7? = Oc,x embeds as the subring of C'c+,v+ ^ ^c-,x- of functions with 
/(x+) =/(x~). The mth copy of Pr(^+^-)(C+ x C~) pai^ametrises ideals by the map 
(m, A) I— > /,„ where I^^x is the ideal of functions / vanishing to order m at x~ , to 
order n — m at x~^ , and such that the leading order terms of /|C~^ and/|C~ are in the 
ratio A. 

3. Now we turn to the global structure of ideal sheaves over C. The local classification 
of ideals imphes that, to specify an ideal sheaf of colength n over C is precisely 
to give (i) an effective divisor D G Sym"(C); and (ii) if {x~^,x^} C D, a. point 
A G Pr(^+ ;|--)(C+ X C~). This is simply the statement that there is a bijection from 
Jff"l to the set of colength n ideal sheaves, [D, A] i-^ 'Id,x- 

We finally exhibit a universal ideal sheaf Xum\, inducing the bijection [D, A] ^ 1d,x- 
It is perhaps clearer to give the corresponding subscheme ^univ^ take the universal 
divisor Auniv in C x Sym"(C), and let Auniv be its proper transform in C x . Then 
^univ is the push-forward of Auniv in 

It is enough to check universality of 2^univ locally on C. It is certainly universal near 
regular points. Moreover, 2^univ > restricted to C x {[D, A]} , is cut out near the singular 
point X by the ideal Im,x as in (20). This gives the result. □ 

The following corollary, an immediate consequence of the identification of IK[^?^ as the 
Hilbert scheme Hilb"(C), is crucial for this paper. 

Corollary 3.10 The singular set sing(Hilb"(C)), i.e. the normal crossing divisor in 
Hilb"(C), is naturally identified with Sym"-\C). 

The normal cone to the divisor sing(Hilb"(C)) is the union of two normal line bundles, 
and A'^- . These are identified with the normal bundles to im(T^) and im(T~) in the 
normalisation 
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Proposition 3.11 Considered as holomoqjhic line bundles over Sym"~^(C), we have 

N+ = 0((5^"i - 6'!r^), 

Here 6'^^ is the hypersurface {D G Sym"~\C) : G Supp(D)}. 

Proof The situation is that we have a pair (Fi, Yj) of codimension 1 complex sub- 
manifolds in a complex manifold X, with transverse intersection Z = Fi n Fi- We 
want to understand the normal bundles Ny./x ^ the proper transforms F, of F, in X, 
the blow-up of X along Z. But the blow-down map X — > X identifies F, with F,, and 
Ny_^^ with Ny^/x^Oy,{-Z). 

Applying this to Yi = 6"_, Yj = in X = Sym"(C), we obtain 

- ^5'i/sym"(C) ® Os'._i-S'L~') ® Os'-_(6'L-' - 6l~') 

where the last isomorphism uses the adjunction formula. Compute Ny^i^ in the same 
fashion. □ 

Remark 3.12 (i) The proposition shows that is dual to N- . This is no accident: 
thinking of Hilb"(C) as the zero-fibre of a family £t"^ over the disc, the Hessian form 
on the normal bundle to Sing(Hilb"(C)) in 8,^"^ gives a perfect pairing of with . 

(ii) When C is connected, we have ci{N±) = 0. However, when C is disconnected, 
N± can be topologically non-trivial 



3.2.5 Structure of tlie vanishing cycles 

We now have an explicit (if opaque) local construction of the relative Hilbert scheme 
vr: ^ A of a holomorphic elementary Lefschetz fibration £" ^ A, and a global 
description of its special fibre £["^ . With these in hand, we can now set out the following 
theorem. 
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Theorem 3.13 (Structure theorem) (1) For any Kahler form 17 on £.^"^ , (£f"l , tt, 0) 
is a symplectic Morse-Bott fibration. 

(2) There is a natural holomorphic identification of ttte critical set crit(7r) with 
Sym"-i(^). 

(3) The vanishing cycle 

V C Sym"(£i) x Sym"-^^^^) 

associated with the ray [0, 1] C A is Lagrangian with respect to w © —Co, where 
uj (resp. u])is the restriction ofQ to Sym."{Ei) (resp. Sym"~^{Eo)). 

(4) The projection V — > Sym'Xf'i) is a smooth embedding. 

(5) The projection V Sym"~i(^o) is an S -bundle, isomorphic to the unit circle 
bundle in 0{5'!^r^ — In particular, when Eq is connected, V is a trivial 
S -bundle over 

Proof For the most part, this is a restatement of what we have already estabhshed. 
Parts (l)-(3) have been proved (Proposition 3.7, Corollary 3.10, and Section 2.3), and 
(4) is obvious. 

As to (5), this also goes along the lines of the discussion in Section 2.3. The normal 
bundle N = A'^crit(7r)/£["i carries a non-degenerate complex Hessian form H, making it 
an 0(2, C) -bundle. There is a totally real subbundle Nr = {v € N : H{v,v) G R}, 
reducing the structure to 0(2, M). The projection V Sym"~'(£'o) is isomorphic to 
the unit circle bundle in N^- But A'^ is isomorphic to a sum of line bundles L® , 
so that the Hessian con^esponds to the canonical pairing on L ® . Projection 
onto the L-summand gives an isomorphism = L. By Proposition 3.11, we have 
L^O{5"^^ -5'!r^), so we are done. □ 

3.3 The Picard fibration 

Canonically associated with an elementary Lefschetz fibration £ ^ A , with a chosen 
section o" , is a proper family 

T^iE) ^ A (« G Z), 

the degree n Picard fibration (see [2], for example). A (closed) point of T/^(£') 
represents a point 5 E A and a torsion-free coherent sheaf on E^ , of rank one and first 
Chern class n G H^(Es; Z) = Z. For explicit descriptions, see [5, 20]. The key points 
about its structure are as follows: 
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• y\{E) is smooth. 

• For s ^ 0, the fibre 7"{Es) is canonically identified with the Picard variety 
Pic"(£.). 

• The critical fibre !P"(£'o) has normal crossing singularities. If £0 is irre- 
ducible, the singular locus Sing(T"(£'o)) is naturally identified with Pic"~'(£^o)- 
If Eq is reducible with one node, and Eq has components Ci and C2, then 
Sing(r(£o)) = ULoPic'CCi) X Pic"-'(C2). 

• There is a holomorphic Abel-Jacobi map u: Hilb'^(£') V^iE). Indeed, 
if XL is a rank one torsion-free sheaf on a nodal curve C, then every s G 
¥H^{L) defines a closed subscheme {s) of C, and conversely, every colength n 
subscheme arises this way. \f n > 2g — 2, where g is the genus of the regular 
fibres, then the fibres have constant dimension, and hence this is a projective 
vector bundle. 

• There is a holomorphic line bundle — > 'S'\{E) which is ample relative to S, 
and which restricts over regular fibres to the standard theta line-bundle over the 
Picard torus. 

The polarisation in the last point gives rise to a Kahler structure on 'S'\{E). With 
this it becomes a symplectic Morse-Bott fibration over the disc, of rank one. It has a 
Lagrangian vanishing cycle 

% C Pic"(S) X Pic"~'(S), 
where we have used the identifications (5 : £1 — > S and 5: Eq ^ Ti. 

At a topological level, the Picard fibration of an elementary Lefschetz fibration E is 
easily understood, providing that the vanishing cycle L C £1 is non-separating. The 
regular fibres of y\{E) are diffeomorphic to T^^, and the family is the fibre product of 
a trivial family T^*~^ x A — > A and a genus 1 elementary Lefschetz fibration E' . The 
vanishing cycle for such a fibre product (equipped with a product symplectic form) is 

L' X diagTp2,-2 C X T^^'^ x T^^-^ ^ ^'^g ^ Y'^g-i^ 
where L' is the vanishing cycle for E' . 

3.4 Lagrangian correspondences between symmetric products : examples 
3.4.1 Genus 

We studied the case S = 5^ in subsection 3.2.1. The characterisation of V as an 
5' -bundle given in point 5 of the structure theorem 3.13 is consistent with our explicit 
picture. 
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3.4.2 Sym^ in genus 2 

Let £■ — > A be a degeneration of a genus 2 curve along a non-separating loop L. 
As discussed above, the compactified Picard family 'J'\{E) is, topologically, the fibre 
product of a trivial -bundle and a genus 1 Lefschetz fibration E' with vanishing 
cycle L' . The vanishing cycle for 'J'\{E) (with respect to a product symplectic form) 
is 

L' X diagTr2 c x x = T'* x T^. 

The Abel-Jacobi map expresses Sym^(S) as the blow-up at a point of the 4-torus 
Pic^(S). Likewise, the relative Hilbert scheme Hilb^(£') is the blow-up of the com- 
pactified Picard family y\{E) along the section a (where (t{s) is the point correspond- 
ing to Ke,). Note that (t(0) is a regular- point. We can choose a symplectic form on 
y^(£') so that the Lefschetz thimble in the Picard family is disjoint from im(c7). We 
obtain a symplectic form on the blow-up in the standard way. We then find that the 
vanishing cycle V for the relative Hilbert scheme is just the proper transform of that 
for the Picard family: 

V = L' y. diag-ir2 x T^. 

3.4.3 Projective bundle range, n> 2g — 2 

In this numerical range, there is a holomorphic vector bundle p: U ^ Pic"(S) , of rank 
n — g+\, such that the Abel-Jacobi map identifies Sym"(Il) with ¥U . We can choose 
Kahler forms adapted to this projective bundle.^ 

Recall (from [15, p. 209], for example) that in a principal G-bundle P B with 
connection a, one has a vertical cotangent bundle ia '■ T*g^P T*P, which carries 
the closed two-form i^uJcan ■ If (F, a) is a Hamiltonian G -space then P Xq F can be 
obtained by symplectic reduction of r*g,.yf xF, and therefore carries a closed two-form 
r = r((T, a) inherited from f^uJcan © o". This form restricts to a on the fibres, and the 
connection on P x ^ f — > S it induces is the one associated with a . 

Let us apply this to the principal \]{n — g + 1) -bundle P of unitary frames for U , and 
to {F, a) = (P"~^, wps)- We obtain a closed two-form r = r(C, a) on the associated 
bundle ¥U = P Xu(„-g+i) which restricts to tjps on the fibres oi fU . Then 

r + cp*C, is a symplectic form when c » 0. (It seems likely that, when a is the Chern 
connection, this form is of type (1, 1), but we have not verified this.) 

''Caution: our procedure here is not quite the same as the one used to form symplectic 
associated bundles in Section 2. 
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The relative Hilbert scheme Hilb^C^) is a projective bundle over T'^^iE), and conse- 
quently we can apply the same procedure to obtain a symplectic form on Hilb'^(£'). 

One then easily checks that symplectic parallel transport in Hilb^(£') is the horizontal 
lift of symplectic parallel transport in T^iE) via the connection a. It follows that 
the coisotropic vanishing cycle Vl C Sym"(S) is the Abel-Jacobi preimage of the 
vanishing cycle Vy for the Picard fibration, and that the limiting parallel transport map 
p: Vl ^ Sym"~^(I]) is the lift of limiting parallel transport from the Picard fibration, 
Vy^{T^iE)r'. 

3.4.4 Cohomological correspondences 

Recall the structure of the cohomology ring of the symmetric products of a compact 
Riemann surface C, as first established by MacDonald [14]. If C is connected, we 
associate with it a sequence of graded rings 

n 

(21) S{C,n) = 0Z[C/]/(C/'+i) ®z A"-'h\C;Z), deg U = 2. 

i=Q 

(Here S(C,0) = Z.) One should think of U as the generator of H^{C;Z). If C is 
disconnected, with components Ci , . . . , C,„ , we put 

S(C, n)= S(Ci , ni) • • • S(C„„ «„,) 

ny>0 

«lH \-n,„=n 

There is a ring isomorphism 

(22) ac : S(C, n) //*(Sym"(C); Z). 

To specify ac , it is enough to do so on monomials 1 • • • • • • 1 and 
1 (8) • • • A,- • • • 1 , where A,- G H^iCf, Z), since such elements generate the ring 
S(C,n). The first Chern class z of the universal divisor in C x Sym"(C) gives rise to 
operations 

(23) H*{C; Z) H*+^''-\Sym"iCy, Z), c ^ c^''^ := prj, [z'' ■ pr^c) . 
(We only need the operation c ^ c'^^ here.) We have 

flc(l • • • t/, • • • 1) = , adl • • • A; • • • 1) = At'^ 
where oc, is Poincare dual to the point class in C, . 

There are two distinguished classes in //^(Sym"(C); Z) (when n = I they ai^e linearly 
dependent). The first is the class 

(24) r]c = adoc) = o^^\ 
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where oc G H^(C; T) is the orientation class. This is dual to the divisor ;c+ Sym" ' (C) . 
The second is 

(25) dc = acC£^aiMii\ 

i 

where {a,-,/?,} is a symplectic basis for H^iC;^) (so a, A /3, is the intersection 
form on H\{C; Z)). These two classes are invariant under the action of the mapping 
class group of C, and when C is connected they generate the invariant subring. 

The vanishing cycle 

V C Sym"(£i) X Sym"-H^o), 

associated with Hilb'^(£') is Lagrangian with respect to a form of shape u © —a). The 
symplectic forms lv and lo cannot be chosen arbitrarily: they must be the restrictions of 
a closed two-form on Hilb'^(£'), and this entails a relation between their cohomology 
classes. The pair ([w], [cj]) is constrained to lie on a correspondence corr^ ®z M, 
where 

corr^ C //^(Sym"(£'i);Z) x //2(Sym"~i(£'o); Z) 
is the space of common restrictions of classes in //^(Hilb'^(£'); Z). 

Proposition 3.14 Let 

= {(j\c,n*ilc) : c £ h\E;Z)} C H'^iEuZ) x H''(Eo;Z) 

where js : Es ^ E is the inclusion of the fibre over s A, and n: Eq Eq the 
normalisation map. Then corr^ is spanned by the classes 

• {x^^^ Uy^^\x^^'^ Uyf^^), where (x,x) and (y,y) are in ; 

• iz^^\z^^^),where iz,z) £ C^; 

• if Eq is irreducible, the class {9ei i ^g^)- 

In an appendix to this paper, we describe an embedding §(£05 n) ^ //*(Hilb^(£'); Z), 
and show that the quotient is isomorphic to S{E, n — 2)[— 2] . The proof of Proposition 
3.14 is given there, as a corollary of the calculation of H^. 

We now identify a convenient set of Kahler classes on Hilb^ (£").' Let r/A be the class 
which restricts to Hilb'X^o) as r/ = o^J , and let be the pullback by the Abel-Jacobi 
map of ci(0a), where 0a J'a(^) the theta line-bundle. 

'There appears to be a small error concerning this point in the paper of Donaldson and Smith 
[4]. In Theorem 3.6, the line bundle A'(7r) is not, as claimed, relatively ample. However, if 
one twists it by the Abel-Jacobi-pullback of the theta line bundle Q over the Picard fibration, 
the resulting line bundle is relatively ample. 
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Lemma 3.15 For any s,t > 0, the class srj^ + t9/^ is represented by a Kahler form. 

Again, the proof fits in witli the results on the cohomology of the Hilbert scheme, and 
so is consigned to the appendix. 

3.5 Proof of Theorem A 

The proof is a matter of assembly: all the pieces have already been constructed. 
Recall that the input data comprises the pair (S,L), together with complex structures 
j on S and j on the surgered surface S/,; and Kahler forms lo G r2^(Sym"(S)) and 

We can form a holomorphic elementary Lefschetz fibration E ^ A with as 
smooth fibre Ei and topological vanishing cycle L, as in Lemma 3.2. Recall that the 
construction is essentially canonical. Both S and £"0 are built from S by excising a 
neighbourhood of L and gluing in a pair of discs. Because of this, we can choose a 
diffeomorphism — S which is the identity outside the neighbourhood, and such 
that 6*j coincides with the complex structure of Eq. Indeed, this requirement pins 
down 6 precisely, because the open disc has no compactly supported holomorphic 
automorphisms. 

Form the relative Hilbert scheme Hilb^(£') A, and choose a Kahler form 

n £ n^{}iilh%{E)), [0] = ST] A + tOA. 

Using Q we construct the vanishing cycle Vq C Sym"{T,;j) x Sym"^^{T,;j). This 
is not quite what is wanted, because the restrictions uji = Q\ Sym"(5]) and uji = 
5~i*(0|Sym"-'(^o)) are not the given forms oj and uj . We can remedy this using the 
convexity of the space of Kahler forms. Set 

UJf = tUJl + (1 — t)uj, UJt = + (1 — t)uj. 

Since the ojt (resp. u)t) are cohomologous Kahler forms, they give rise to symplectic 
flows 

(26) <Pt ■ (Sym"(S), u;o) ^ (Sym"(S), a;,), 

(27) 4>t ■ (Sym"-HS), c^o) ^ {Sym"-\%), uj,). 
Put 

This is a Lagrangian submanifold of Sym"(S;j)xSym"^^(I];7) with respect to —uo®uj. 
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Since the space of auxiliary choices involved in the construction is path connected 
(indeed, contractible), the Lagrangian isotopy class of Vi is canonically determined. 
We must check that so too is the Hamiltonian isotopy class. To simplify the notation, 
we will assume that the data are all fixed apart from the Kahler form, which varies in 
a path J7j and prove Hamiltonian isotopy of the resulting vanishing cycles Vi^t ■ The 
remaining ambiguity (i.e. the precise choice of (£, vr,/)) can be handled in just the 
same way. 

The Of are cohomologous forms. By Lemma 2.14, they extend to a closed two-form 
E on Hilb'^(£') x [0, 1] with the property that the union of the coisotropic vanishing 
cycles, 

V = IJ Vn, C Sym"(S) X [0, 1], 

t 

is globally coisotropic with respect to ^ '■= H|(Sym"(E) x [0, 1]). Then CIV is the 
pullback of a closed form (, G Q,^{Sym"~^{Eo) x [0, 1]) (a closed extension of the 
family of forms Sym"~'(£'o)). Using the maps (26, 27), define 

Sym"(S) x [0, 1] ^ Sym"(S) x [0, 1], {x,t) ^ {Mx),t), 

^ : Sym"-i(S) x [0, 1] ^ Sym""i(^o) x [0, 1], {x, t) ^ 0,{x), t). 

Then <I>~^(V) is globally coisotropic with respect to (<I>~')*C. Using the bundle 
isomorphism $ , we obtain a sub-bundle 

U ^L,t C (Sym"(S) X [0, 1]) X[o,i] (Sym"-VS) x [0, 1]) 

?G[0,1] 

which is globally isotropic with respect to C © — ^*C- This shows that Vl,o is 
Hamiltonian-isotopic to Vl,!, and so concludes the proof. 

3.6 A partial model 

It is possible to write down explicit hypersurfaces in Sym"(S) (for instance as level 
sets of -valued functions) which represent the smooth isotopy class of the vanishing 
hypersurface V C Sym"(S). However, proving the validity of such a model would 
entail a lengthy diversion, so we will content ourselves with something much weaker. 

Let A C S be the image of an embedding of an annulus, 

{z G C : e < |z| < e~'} ^ S, 
with L = i{{\z\ = 1}) its unit circle. Set 

A' = L{{z:le< \z\ <(2e)-'})CA, 
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a smaller, open annulus. Then Sym"(S) contains open subsets 

Ui = Sym'(A') x Sym"^'(i; \ A), i = 0,...,n. 

Lemma 3.16 The pair (V,p) (hypersurface in Sym"(S), -bundle projection to 
Sym"~'(I]) ) is isotopic to a pair {V\ p') sucti that 

• v'n[/o = 0; 

• y'n [/i =L X Sym"~'(S\A);aiid 

• p'\{V'r\U\) isgiven by the obvious projection to Sym"~HS\A) C Sym""^!]). 

Proof As pointed out below Definition (2.7), one does not need closed two-forms to 
construct topological vanishing cycles; 'good' two-forms are adequate (for the almost 
complex required by the definition we take our usual integrable one). Moreover, any 
two good two-forms have smoothly isotopic vanishing cycles. 

Let £■ ^ A be the Lefschetz fibration associated with (5],L) (so Ei = E). The space 
E is the union of a trivial fibration £' = A x (S \ int(A)) and Eq = E \ int(£''). Let 
E'q C Eq be a slightly smaller open set: say Eq = E\(A x (E\ A')) - 

In the relative Hilbert scheme of E there are open subsets 

Wo = Hilb'^(£') = A X Sym"(S \ int(A)), 

Wi = £■[, X A Hilb^-^S') = £0 X Sym"~HS \ int(A)). 

Take a closed two-form form on Wq which is the puUback of a Kahler form on 
Sym"(S \ int(A))). Take a closed two-form form on Wi which is the product of a 
Kahler form on Sym""'(S \ int(A)) and a symplectic form on E'^ which has L as its 
vanishing cycle. 

Extend these forms to a good two-form on Hilb2^(£'). Then the parallel transport over 
the ray [0, 1] preserves Wq and Wi , and the conclusions of the lemma are immediate. 

□ 

The remaining sets Ui extend to subsets Wi of the Hilbert scheme in a similar way. 
Like Wi , the higher W, are fibre products, and we can choose Kahler forms on them 
which respect the fibre product structure. Extending these to globally-defined good 
two-forms, and using the path-connectedness of the space of good two-forms, we 
obtain the following lemma. 
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Lemma 3.17 We can isotope V to another hypersurface V' such that, for each i, 
y'n(Sym'(A)xSym"-'(S\A)) = V'l xSym"~' {^\A) for hypersurfaces Vj C Sym'(A). 
In other words, for an n -tuple x € Sym"(S), membership ofV' depends only on those 
points of X which lie in A. Moreover, the V- can be taken to be 'universal', i.e. 
independent of the topology of S . 

Now let V be the image of V in Sym"(E). We compute the fundamental class 
[V] G //2n-i(Sym"(£'i); Z). Note that there is an isomorphism 

fi: //HSym"(S); Z), h ^ fi{h) = c/h 

where c G H^{T, x Sym"(S); Z) is dual to the universal divisor. (We have fi{h) = 
(PD(/i))[i].) 

Lemma 3.18 Given an orientation of L, there is an orientation of V such that [V] is 
Poincare dual to 

Proof If (/) G Diff(S) acts as the identity in a neighbourhood of L then, by the 
naturality of the Hilbert scheme construction, Sym"(cj)) preserves [V]. One such 
diffeomorphism is the Dehn twist along a circle parallel to L. Now, (Sym"(i?!)))* • fi{h) = 
^{(p^h), so we must have [V] = fi{h) where h is invariant under the stabiliser of [L] 
in Sp//HS;Z). It follows that h is a multiple of [L]. If [L] = we are done. If not, 
we need to see that it is a unit multiple. We can test this by computing the intersection 
number of V with the 1 -cycle A = {[x, . . . ,x] : x £ L'} , where L' C S is a circle 
which intersects L transversely in a single point. Deform V to V' as in Remark 3.17. 
The remark implies that V' intersects A only in Sym"(A), and that the intersection 
number is independent of the topology of S. But since the intersection number is ±1 
in our genus 1 and 2 examples, the general case follows. □ 

3.6.1 Iterated vanishing cycles and Heegaard tori 

As we have seen, a circle L C S gives rise to a Lagrangian con^espondence 

Vl = VIc { Sym"(S) x Sym"-'feS), -loQu). 

where slT, denotes the result of surgery along L. If L' is another circle, disjoint from 
L, then L' is still visible in s^Tj, and it too gives rise to a vanishing cycle 

V'lr^ C Sym"-ifeS) x Sym""2(^^,^^S). 



Lagmngian matching invariants for fibred four-manifolds: I 



59 



We can then compose these correspondences to obtain 

Vl7^ oYlc Sym"(S) x Sym''-\sLisj:). 

(Recall that, given smooth correspondences Cn C Mi x M2 and C23 C M2 x M3 , 
their composition C23 o C12 C Mi x M3 is the set of pairs (;ci,;c3) such that there 
exists X2 € M2 with (:ti,:t2) G C12 and (^2,^:3) e C23). Thus V'l7^ o V'l is an 
(S^ X S^)-bundle over Sym""^(5/,/5'iS). For it to be Lagrangian, our symplectic form 
on Sym"~^(5/^S) x Sym"~^(5i'5/,S) should be of shape —lo ®u), where oj is the same 
form as was used to form the first vanishing cycle. This is possible, because one can 
extend cj to a Kahler form on the relative Hilbert scheme which has Sym"^'(5'iS) as 
its smooth fibre. 

It is straightforward to prove, using good two-forms, that V'l7^ o V'l is smoothly 
isotopic to V'l~^ o V^,. 

Conjecture 3.19 Vl7^ o \>£ is Hamiltonian isotopic to Vl~^ o V", . 

If Li, . . .L„ are disjoint circles in S, there is an n -times iterated correspondence 

T C Sym"(S). 

The second factor does not appear here because it is Sym°(5i„ o • • • o E) , i.e. a point. 

Lemma 3.20 The iterated vanishing cycle T C Sym"(S) is smoothly isotopic to 
Li X • • • X L„ . 

Proof We prove by induction on n that we can find a sequence of good two-forms on 
successive relative Hilbert schemes so that the iterated topological vanishing cycle T 
is equal to Li x . . . L„. This is certainly true when n = 1 , so we suppose that n > I 
and that the iterated topological vanishing cycle 

is L2 X • • • X L„ . Let be the Lef schetz fibration in which S degenerates to S 1 
along Li . Choose a good two-form on Hilb'^(£'/,j) as in Lemma 3.16. The projection 
to Sym"(S) of its vanishing cycle V'l^ then intersects T' precisely along Li x • • • x L„. 

□ 

In particular, suppose that Li . . . ,Lg C S are disjoint and linearly independent in 
homology, where g is the genus of S. Then T is isotopic to the Heegaard torus 
Li X ■ ■ ■ X Lg. These tori are the cornerstone of Heegaard Floer homology. 

The link with Heegaard Floer homology will be developed in a future paper, which 
will contain a symplectic refinement of this topological observation, and also address 
the symplectic interpretation of handle-sliding as an operation on the Heegaard tori. 
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3.6.2 A homotopical lemma 

The following lemma will help us control boundary bubbling when we consider pseu- 
doholomorphic curves. 

Lemma 3.21 Assume that n > 2. Fix a basepoint x V, and consider the natural 
homomorptiism 

e,: 7r2(Sym"(S) x Sym"-^(E); a:) ^ 7r2(Sym"(S) x Sym"-^(S), V; a:) . 

When S is connected, 9^ is surjective. When S is disconnected, coker(6'x) is a 
non-trivial cyclic group. 

Proof Write S[„] = Sym"(S), ^[n-i] = Sym"^^S. By the exact sequence of 
homotopy groups for the pair x S[„-i], V), we have 

coker(0.v) = ker (7ri(V';x) 7ri(i;[„] x T,[„^iy,x)). 

Suppose that S is connected. Then V is a trivial -bundle over S[„_i] by point (5) of 
Theorem 3.13, and so has fundamental group Z x when n > 2, and Z x 7ri(S) 

when n = 2. Any class h in its kernel must clearly be a multiple of the fibre of the 
^'-bundle. But the fibre-class is non-trivial in = 7ri(S[„]) (it is the class 

defined by the vanishing circle L C S) so the result follows. (There is an alternative 
argument using the Abel-Jacobi map — this was the approach taken in [20]).) 

Now suppose S is disconnected. As in the connected case, any class h in the image of 
n] X , V; jc) — > 7ri(V'; x) must be a multiple of the fibre F of the 5' —bundle 

which passes through x. Thus coker(0v) is cyclic. It must be non-trivial because Fx is 
in the kernel of the Hurewicz map to 7ri(V) — > //i(V), and hence in the kernel of any 
homomorphism from 7r\(V) to an abelian group. □ 

4 Lagrangian matching conditions from broken fibrations 

In this section we explain how the Lagrangian correspondences between symmetric 
products, constructed and analysed in the previous section, can be cast as 'Lagrangian 
matching conditions' associated with broken fibrations. 

Start with an elementary broken fibration (Xh^, TTbr) over an annulus A = {z S C : 
1/-^ — kl — -^l' with connected critical set Z mapping diffeomorphically to {\z\ = 1}. 
Let Y = vr^k{|z| = 1/2}) and Y = vr^kikl = 2}). We suppose that the fibre 
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E = vr^^. (1/2) is connected of genus g, and that vr^^. (2) is either connected of genus 
g — I, or else disconnected with components of genera gi and g — gi- 

We supplement the fibration with the following data, which are all determined up to 
deformation by (Xbr, 'Kbr) '■ 

• A near-symplectic form u), positive on the fibres of iTbr at regular points, and 
vanishing along Z (see [1]). Once this is chosen, F is identified with the mapping 
torus T((/)) of its symplectic monodromy cj) G Aut(Il, ti;|S). Likewise, ? = T((^) 
for some cj) G Aut(S, u)\T,). 

• A surface 2 C F (a torus or Klein bottle) which shrinks to Z. Recall that we 
refer to this as the attaching surface of the fibration. One can choose u) so that 
Q is isotropic, though this is rai^ely necessary for our puropses. 

• A complex structure j on T^Y , compatible with uj. There is also a complex 
structure j on F , but usually we choose this in a particular way, to be explained 
presently. 

We shall write (F["],7rt"^) (resp. 7j-["~i]) for the relative symmetric product 

Sym^,(F) (resp. Sym^~'(F) S^). These aix to be considered as differentiable 
famiUes of complex manifolds. 

To state the following theorem — a pai^ametric version of Theorem A — we need to 
specify some cohomology classes on the relative symmetric products. 

There are operations 

H*{Y; Z) ^ //*+2'^-2(yW; Z), c ^ 

defined using the universal divisor as in (23), and one obvious family of classes to 
consider are those of form w^'^ where w G //^(F;Z). Another useful cohomology 
class is the first Chern class of the vertical tangent bundle. 

Theorem B (Lagrangian matching condition) Let9. ^ Vt}{Y^"^) andO. ^ Vt^{Y^"~'^^) 
be closed, fibrewise-Kahler two-forms representing a pair of cohomology classes of 
form 

[fi] = will - Aci(rFW), m = - Aci(rF["-"), a > o, 

where w and w are common restrictions of a class W G H^{Xh,.; M). Then, inside the 
fibre product 

there is a canonical isotopy class of isotropic sub-bundles Q with the property that the 
projection Q — > Y^"^ is an embedding and the projection Q — > Ft"~'^ is an -bundle. 
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(Note that there is an implicit restriction on A here: if it is too large, the classes will 
cease to admit Kahler forms.) 

Remark 4.1 The zeroth symmetric product of a space is a point, so when n = I, Q 
lies inside Y itself. In this case Q is isotopic to Q itself. 

The situation differs from Theorem A only in that we are now considering not a 
single surface S, but a family of surfaces parametrised by 5^. The proof runs as 
follows: (1) we construct an 5' -family of elementary Lefschetz fibrations Et; (2) 
we form the associated -family of relative Hilbert schemes, and endow it with a 
global closed two-form; (3) we form the -family of vanishing cycles, arising from 
symplectic parallel transport into the critical locus, along an -family of rays; (4) we 
fine-tune the global two-form so that the family of vanishing cycles becomes globally 
coisotropic. The only other point to take care of is that we have specified appropriate 
cohomology classes. By MacDonald's formula 14.5 in [14], 

ci(rSym"(S)) = {n + l- g)r]j: - ^s- 



Proof An S -family of Lefschetz fibrations. Given a Riemann surface S with an 
embedded circle L, we can construct an elementary Lefschetz fibration (E, it, J) over 
the closed unit disc, with smooth fibre £1 = S and vanishing cycle L. It is canonical up 
to deformation. If we are additionally supplied with (p G Diff(S) leaving L invariant, 
then we can extend to $ € Diff(£'), again canonically up to deformation. This is 
most clearly seen by directly building the mapping torus of $ as a five-dimensional 
manifold E fibred over . This is simply a parametric version of Lemma 3.2. Each 
fibre Sf of the mapping torus T{(/)) contains a circle Qt , and we may build a Lefschetz 
fibration {Et,TTt,Jt) with smooth fibre S, = tt^\1) and topological vanishing cycle 
Qf. Because the construction varies smoothly with parameters, these fit together to 
form a manifold E equipped with a smooth map E — > 5^ x A. The composite 
E — > X A ^ 5' has compact fibres, and so E may be identified with the mapping 
torus T(<I>) of a self-diffeomorphism $ of E, extending cf). 

The -family of relative Hilbert schemes. We now form the set 

£ = U Hilb'i(£,). 

res' 

This carries a natural topology and differentiable structure, extending the standard ones 
on the Ylilh"^{Et): it is characterised by the map £ — > 5' being smooth. 
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The normalisations of the critical fibres of the Et fit together to form a three-manifold 
fibred over , with a complex structure on its vertical tangent bundle. We may identify 
this with Y. This identification induces a map jcrit : F — > E. We have 

Sym^rH?) = U Sing(Hilb"(7r-i(0)) = 

Cohomology of £. We need to verify that the pairs of classes (w^'^jW^'^) and 
(ciCr^F^"^), c\{T^Y^"~~^^)) arise as common restrictions of classes in £. In the case of 
the Chern classes, this is almost immediate: the vertical tangent bundle r^£ (vertical 
with respect to the projection £ ^ 5' ) comes equipped with a complex structure, and 
ci(r^£) restricts to F^"] as ciiTY^"^). It restricts to £'=* as r?'^""^^ ® ® for 
a pair of complex line bundles A'^+ and A'^". However, = (N")"^ because of the 
non-degeneracy of the Hessian pairing, hence ciiT^'Y^"'^^ (BN~^ (BN~) = ci(r^F["~']). 

Now consider a pair (wt'^, vv^'^), where {w,w) is the pair of restrictions of W G 
H\Xbr)). There is a unique class W' G H^{E) such that7*,,.,W = w\Y and W'\Y = 
w\Y. To see this, observe that we can certainly find a family of classes G H^(Et), 
t ^ , which agree with the restrictions of w to Yf and Yf . The possible ways of 
extending the family {W/} to a single class W' are parametrised by a quotient of 
H\Et), so there will precisely one which extends W. There is a natural operation 
c I— > c^'^ , and applying it to W' we get the desired result. 

Adjusting the two-forms. We can now certainly find a global closed two-form on £ 
which restricts to the classes [J]] and [il] . Moreover, we can an^ange (cf. Lemma 
3.15) that is Kahler on each Hilb'^ We must perturb it to ensure that the family 
of coisotropic vanishing cycles V = IJ^g^i Vq, C F^"^ is globally coisotropic. As we 
have seen in Section 2 (Lemma 2. 14), and again in Section 3 (proof of Theorem A, this 
is achievable. 

The result now follows. □ 
4.1 Topology of the Lagrangian matching condition 

It is useful to know a little about the topology of Q. We have akeady studied the 
topology of the vanishing cycle V — the fibre of the bundle map Q — so what we 
are interested in here is the behaviour of the -family. 

As the result of surgery, the surface S contains two distinguished points ,X-} . In 
F, the pairs of distinguished points on the fibres trace out a 1 -manifold F, well-defined 
up to isotopy — a two-fold cover of 5' . If 2 is orientable, the covering is trivial, and F 
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is the disjoint union of two sections of 7 ^ 5' which we write as r+ and T . \f Q 
is non-orientable, T is non-trivial. 

Remark 4.2 As in Section (3.6), Q is isotopic, tttrough Lagrangian-subbundles, 
to anottier suctt bundle Q' wtiicti tias ttie following property: let u be a tubular 
neighbourhood of QinY . Consider the open set It C Y^"^ ofn-tuples [xi, . . . ,x„] G 
such that x\ lies in v and X2, . . .x„ lie outside v . Then, inside U, Q' is cut out as 
Q Xgi Sym^7^(F \ z/). Moreover, the bundle map to Y^"~^^ is the projection to 

This can be rephrased as follows. Let v bea tubular neighbourhood of T inY . Then the 
-bundles Qx^i Y^"-^^ Ft""!] and Q' Y^"'^^ become isomoiphic on restriction 
toSym"-\Y\i?) c Ft""']. 

For the following lemma, we should clarify our notation. We have submersions 

The map p is an -bundle, and its structure group is naturally reduced to 0(2) -bundle. 
We write T^Q to mean kerD(7r["-il o p) cTQ. 

Lemma 4.3 Consider Q — > F^""'] as an 0(2) -bundle. 

(1) When Q is orientable (a torus), we have wi{Q) = 0. 

(2) In general, wi(Q) restricts trivially to H\Sym"~\f:y,Z/2) . 

(3) Let 6r C Q be the codimension-two sub-fibre bundle of (n— I) -tuples containing 
a point of T . Then [6y] is Poincare dual to wziQ) . If Q ^ is orientable then 
Q reduces to an S0(2) -bundle, and ci(Q) is Poincare dual to [6^+] — [i^r-]- 

(4) wi(rQ) = p*wi(Q). 

(5) W2{rQ) = p*W2(Q) + p*W2(r^FW). 

Proof (1) and (2) are clear. 

(3) The class W2(Q) — P.D.[5r] restricts trivially to the fibres, and is therefore equal 
to tc for some c G //'(Sym"~'(S)). Since the p map on Hi is an isomorphism, 
we may write c = p{h) for some /z G Z/2). But /j must be invariant under 
diffeomorphisms of S trivial near {x+,x^} , hence h = 0. In the oriented case, c\ can 
be handled similarly. 

(4) -(5) The vertical tangent bundle T^Q fits into a short exact sequence 

^ p*Q ^ ro ^ p*rFM ^ 0. 

But wiCr^F^''^) = 0, so the Whitney formula gives the result. □ 
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The last lemma dealt with Q as a bundle over Y^" ^\ The next deals with its funda- 
mental class as a submanifold of Y^"^ . 

Lemma 4.4 Let 6q be the sub-fibre bundle of Y^"^ —>■ of n -tuples which contain a 
point of Q. Then [Q] = [5q] G HiniY^"^). Here we use Z -coefficients when Q is a 
torus, Ij/I -coefficients otherwise. 

Proof By Lemma 3. 18, the difference [Q] — [5q] gives zero when intersected with the 
fibre Sym"(S). It is therefore a class supported on Sym"(S). But both [Q] and [Sq] 
go to zero inside the 5' -family of Hilbert schemes £ , whereas fundamental classes of 
components of Sym"(S) do not, hence [Q] — [6q] =0. □ 

A Cohomology of the relative Hilbert scheme 

In this appendix we describe the additive structure of the integral cohomology of 
Hilb'^(£'), where £" — > A is a connected elementary Lefschetz fibration. This is more 
than is really needed here — it is which is actually used. One reason to investigate 
the full cohomology is that there is an interesting homomorphism //*(Hilb^(£')) — > 
HF^{t) to the Floer homology of the symplectic monodromy of the Hilbert scheme 
(a fibred Dehn twist). Notice that \iiVo\{E) deformation-retracts to its central fibre 
Hilb'X-Eo). which therefore has the same cohomology; we shall pass freely from one 
space to the other. 

Some notation is required: 

(i) We have inclusion maps 

Sym"(£i) ^ m\h\{E) ^ Sym"-i(go). 

(ii) We write js : Eg —>■ E for the inclusion of the fibre Eg of E. Also write n: Eq —>■ Eq 
for the normalisation map, and jcht = n oJq. 

(iii) The relative Hilbert scheme has a universal divisor 

z"^^ c mh%{E) xaE. 

This has a dual class z G //^(Hilb'^(£') x/^ E). There are resulting operations 
H\E) ^ H*+^'-\mhl{E)), c ^ := pu{z' ■ p^c) , 
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(Z coefficients) where pi and p2 ai^e the projections from the fibre product onto 
Hilb'^Cf") and E respectively. (We will only be concerned with the first of these 
operations, c ^ c^'^ .) There are similar operations 

H*{Ei) //*+2*~2(Sym"(£i)), 
H*{Eo) ^ H*+^''-^{Syn^'-\Eo)), 

also denoted c c^^"^ and defined using universal divisors in exactly the same way. 
These are related as follows: 

Lemma A.l For any c G H*{E), we have ilc^''^ = (j*ic)^''^ , for any k > \ . If c has 
positive degree then icnt^^^^ = (/crit^)^'^ • 

Proof The first assertion follows from a comparison of the universal ideal sheaves 
(divisors). These divisors are 

CEx^mihliE), 
cEiX Sym"(£i). 

Clearly, Z™'^ pulls back to Z™^ , and this immediately gives the result. 

The second assertion can also be proved by studying the universal divisor Z~"'^ C 

Eo X Sym"-'(£'o),but since this leads to rather indigestible formulae, we shall instead 
prove it using Poincare-Lefschetz duality. Any class c G H'^iE), k = 1, 2, is Poincare- 
Lefschetz dual to a cycle representing a class [^c] G H'^~'^{E, dE). We can take C,c 
to be a smooth cycle which maps submersively to A (in particular, Q H E'^^^ = 0). 
Then c^'^ is dual to the cycle C,[^^ of points x G Hilb'^(£') with Supp(x) n Cc / 0- So 
n crit(Hilb"(C)) is the set of points x G Sym"~^(£o) which hit Cc n Eq. But this 
means that n crit(Hilb"(C)) is Poincare dual (in Sym"-'^(Eo)) to (7*01^)^'^ ■ □ 

Recall from subsection 3.4.4 the algebras S(C, n) associated with a curve C. Each such 
algebra comes with a homomorphism ac'. S(C,n) — > //*(Sym"(C)). When followed 
by the map on cohomology induced by the cycle map Hilb"(C) — > Sym"(C), this gives 
a homomorphism S(C, n) H*{¥lilh'\C)) which we continue to denote by ac- 

Theorem A.2 The integral cohomology of the Hilbert scheme of n points on a compact 
one-nodal curve C = Eq fits into a natural short exact sequence 

S(C, n) H*{UiW\C)) S(C, n - 2)[-2] 0. 
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Proof Let IK^ be the normalisation of the Hilbert scheme, so there is a quo- 
tient map i/: Oi^c^ Hilb"(C). W^estabhshed in Section 3.2.4 that J<^"^ is the 
blow-up of Sym"(C) along Sym"^^(C), and that u folds together two embeddings 
7±: Sym"-\C) 

The map b is given by the composite 

//*(Hilb"(C)) ^ H*{0<^^^) H*{Z) 

//*-2(Sym"-2(C)) "-^ S(C, n - 2)[-2]. 

Here the second map is restriction to the exceptional divisor Z in the blow-up, and the 
third map integration down the fibre of the -bundle Z Sym"~^(C). 

Step 1: boac = 0. It suffices to show that b o ac(c) = for the generators c G H*(C) 
of S(C, n) . This is trivially true when c has degree < 1 . As to the degree two case, 
i'*ac{oc) = = is dual to the divisor 6x, the proper transform in DV^^ of 

6x C Sym"(C) (we defined 6x to be the locus of «-tuples which contain x in their 
support). Hence iy*ac(oc) evaluates trivially on the fibres of Z ^ Sym"~^(C) and 
b o ac{c) = 0. 

Step!: ac is injective. Irreducible case. Identifying //* (Hilb" (C)) with //*(Hilb^ (£")), 
we have /* oac = oj*i by Lemma A. 1. This shows that i\ o ac is injective (here we 
use the irreducibility of C). Reducible case. Here i*^^ o ac is injective, since it equals 
«£o °j*nt by Lemma A.l. 

Step 3: b is surjective. In sheaf cohomology, we have 

//*(Hilb"(C); u^Z) ^ H*iJ<^^^;Z). 

Indeed, Wv^JL = for <7 > since the fibres of v are zero-dimensional, so the 
isomorphism is implied by the Leray spectral sequence. There is a short exact sequence 
of sheaves of abelian groups on Hilb"(C), 

— > ZHilb''(C) ~^ ^*^Jfl!,'l ~^ 'crit*^Sym"-'(C) ~^ ^' 

(The sheaf on the right is the extension by zero of the constant sheaf Z on the singular 
set.) The cohomology exact triangle is 

//*(Hilb"(C)) ^//*(5{W) 




(7+)*-(7„)* 



//*(Sym"-HC);Z) 
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By the formula for cohomology of blow-ups, 

//'(^(M) ^ //'(Sym"(C)) © //'-2(Sym"-2(C)). 

The composite map //'(Hilb"(C)) ^ ^ H'~'^{Sym!'~"'^{C)) (where the second 

map is projection on a summand) is nothing but b. Our task is therefore to show that 
iX — i*^ is zero on this summand. 

Now, any class in the summand //'~^(Sym"~^(C)) C H'CK^"^) is supported in the 
exceptional divisor Z. It therefore suffices to show that (7!j_ — 71)|Z = 0. But 
Z = F{N~^ (B N~), a projective bundle over Sym"~^(C), having im(7+) n Z and 
im(7_) n Z as zero- and infinity-sections. These two sections are homotopic, hence 
(7!j_ - 71)|Z = 0, as required. 

Step 4: exactness in the middle. Irreducible case. Since C is connected, 7+ is 
homotopic to 7_, hence (7+)* — (7„)* is identically zero. The exact triangle breaks 
into short exact sequences since (7+)* — (7_)* = 0, and a dimension count finishes the 
proof. 

Reducible case. We claim that (7+)* — (7_)* is surjective. We restrict it to the summand 
H*{Sym"{C)) in and so consider it as a map 

S(C,«) ^ §{C,n- 1). 

Now, S(C,?i) is generated by monomials nii^n-i, where the subscripts designate the 
summand S(Ci , S(C2, n — i). We have 

(monomials with negative subscripts are, read as zero.) Granted this formula, surjec- 
tivity is an easy exercise. 

So again the exact triangle breaks into short exact sequences. Now take x G ker(Z7). 
Then i/*(x) E //*(Sym"(C)) = S(C,?i), so we may write i^*(x) = a^(y). We have 
i^*: 8{C,n) ^ S(C,«), so y = i^*{y') for a unique / G §(C,«). But then i^*x = 
a^v*(y') = v*ac{y'), and since v* is injective, x = ac(y'). □ 

Corollary A.3 H\mih"{C)) ^ H\C) © K^H\C) © where the third summand is 
generated by ci{0{Z)). 

Remark A.4 It would be interesting to understand (along the lines of [17, ch. 8].) the 
operations on 0„>o //*(Hilb"(C)) induced by the correspondences 

{(lull) : Ii C I2, Supp(T2/Xi) = {node}} c Hilb"(C) x Hilb"+'(C). 
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We finish by giving two deferred proofs of coliomological results concerning tlie relative 
Hilbert scheme. The first, Proposition 3. 14, gave the structure of the cohomological 
correspondence corr^. 

Proof of Prop. 3.14 By Corollary A.3, 

H\mib'\Eo)) = H\Eo) e A^H^Eo) Z, 

where the third summand is generated by so our task is to understand /*.jt and /j 
on each of the three summands. By Lemma A.l, /crit(<^'^^) = ("*7oc)'^'^ and i*iic^^^) = 
class is the pullback by the Abel-Jacobi map of 

ciiQE,) G H\Pic\E,)), 

where @Ei is the standai^d theta line-bundle. Likewise, 9^^ is the pullback of ci(6g^^) G 
//2(Pic"-'(£o);Z). The theta hne-bundles extend to a hne bundle 6 a ^ ^aC^) 
(the natural ample class relative to the base which is part of the construction of the 
compactifiedPicard family). This pulls back to a class on Hilb'^CS). Hence , 6*^^) G 
corr^. 

We need to see that the classes we have constructed span corr,^ . When £0 is irreducible, 
we have at our disposal a set B of linearly independent classes in corr^ , such that B 
bijects with a Z-basis for Hilb"(C), and such that each member of B is simple (not a 
multiple of another class by an integer > 1). Hence B spans coit,^. 

When Eq is reducible, the result will follow as soon as we can show that the natural 
map //^(Hilb'Xf'o)) corr^ has non-trivial kernel. Consider the class c = ( — o^^^ . 
One can see directly that i*j^^c = 0. Thus {c,S) = for any 2-cycle S contained in 
Sym"~^(£'o)- But such homology classes such 2-cycles span //2(Sym"(£'i)), hence 
i\c = too. □ 

The other deferred proof concerned Kahler classes on the relative Hilbert scheme. 

Proof of Lemma 3.15 There are several ways to go about this. One is to use the fact 
that, for n ^ 0, Hilb'^(£') is the total space of a projectivised holomorphic vector 
bundle p: ¥V ^ 3'a(£')- Thus (77*6)®^ (g) OwiN) is an ample hne bundle over 
FV (relative to A), for any M > 0, A'^ > 0. It is therefore represented by a closed 
(1, l)-form $7 which is positive on each fibre Hilb"(£'.v), s ^ A. Adding the pullback 
from A of iRdz Adz, R ^ 0, one gets a Kahler form. Moreover, [Q] = Mi] a + NO a ■ 
By convexity of the set of Kahler classes, we can allow M and A'^ to be non-integral. 
This finishes the proof when n ^ 0. 



70 



Tim Perutz 



We now argue by descending induction. Take a Kahler representative Q.' for srj/^+tO/^ , 
and a holomorphic section a: A ^ E. Then 0' restricts to the complex submanifold 

as a Kahler form il" . Considered as a closed form on 
mih"^\E), [n"] = SI] A + t9A . The result follows. □ 
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